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Abstract 
The purpose of this project is to model the operation of a proton exchange membrane 
(PEM) fuel cell during operation in weather as cold as -40 °C. The fuel cell must be kept above 
the freezing point of water, and it is hypothesized this can be done by utilizing the heat produced 
in the system. The system is being designed to provide off-grid power for operation of various 
scientific sensors requiring power output of 20 W at a potential of 12 V. A fuel cell combines 
hydrogen and oxygen to form water, heat, and electricity. Process steps include generating 
hydrogen from the alcoholysis and/or hydrolysis of sodium borohydride, creating electricity from 
the fuel cell to charge a battery, and preheating feed air to provide oxygen to the fuel cell. The 
project explores 1) modeling of the reaction kinetics for hydrogen production, 2) modeling the 
efficiency and kinetics of the catalytic reaction between the generated hydrogen  and oxygen from 
air within the fuel cell, and 3) modeling heat flow within the system to preheat the incoming air 
and maintain good fuel cell temperature. The reaction kinetics show sufficient hydrogen 
production to keep the fuel cell running as specified. The modeled efficiency gives an average 
efficiency just above 50% for the conversion of chemical potential energy to usable power. The 
heat flow, assumed to be 1-dimensional, shows sufficient heat transfer to keep the area around the 
fuel cell above the freezing point of water as modeled.  
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Chapter 1 
Background 
Approximately 80% of the world’s energy is supplied through the combustion of fossil 
fuels. These fuels are nonrenewable, thus finite, and create extensive pollution that has caused 
immense damage to the planet. By definition, having the majority of the world’s energy fueled by 
a finite resource means we are in a global energy crisis. Thus, finding alternative energy sources 
that are renewable and do not harm our planet is imperative. When seeking these alternatives, it is 
necessary to utilize as many energy sources as possible to avoid any one issue with a source 
creating another energy crisis in the future. The last few decades have seen a strong drive in the 
scientific community to find these sources and put them into widespread use. One source that has 
been targeted, the one being addressed in this project, is the fuel cell. More specifically, a 
hydrogen, or proton exchange membrane fuel cell. 
1.1 Proton Exchange Membrane Fuel Cell Design 
A Proton Exchange Membrane Fuel Cell, (PEMFC, or PEM for short), is a device used to 
generate power. This power is produced by converting chemical energy into electrical energy. 
The overall process is shown in Figure 1-1. The hydrogen is first decomposed into protons and 
electrons and sent through a selective membrane that allows the protons to pass through but not 
the electrons. The electrons instead go around the membrane, through a circuit that connects the 
anode and the cathode. This path is where the load is connected and work done, as indicated by 
the resistance symbol in Figure 1-1. Once the electrons reach the other side of the membrane, 
they react with the protons that have crossed the membrane and the oxygen in the air that flows 
through the other side, to form water. The water leaves with the inert nitrogen and any unused 
reactants in the exhaust. The anode and the cathode have a noble metal, usually platinum, in them 
to act as a catalyst to both the water formation and hydrogen decomposition reactions. The 
continuous flow of product and the reactions create a hydrogen concentration gradient across the 
membrane. So long as hydrogen and oxygen are fed to the system, the fuel cell will continue to 
produce electricity. The balanced reactions at the anode and cathode are shown as equations 1.1 
and 1.2, respectively, with equation 1.3 showing the overall balanced reaction: 
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 2H2 → 4H+ + 4e− (1. 1) 
 O2 + 4H+ + 4e− → 2H2O (1. 2) 
 2H2 + O2 → 2H2O (1. 3) 
 
 
Figure 1-1 Diagram of a fuel cell with flow of reactants and products  
The water formation reaction, shown in equation 1.3, has a heat of formation of 285.83 
kJ/mol if the water produced is liquid, else 241.82 kJ/mol if the water produced is in vapor form 
[1]. The chemical energy of the reaction is converted directly into electricity (potential of a single 
cell at room temperature = 1.23 V) and heat. This is a direct advantage over our current energy 
system. Fossil fuels supply usable energy indirectly by having their chemical energy converted 
into heat. The heat can be used to generate electricity, although the efficiency is limited by 
thermodynamics to approximately 35% usable energy. The fuel cell generates electricity directly, 
so it does not have the same thermodynamic limits and has been shown to have electrical 
production efficiencies over 50% [2]. 
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1.2 History of the PEMFC 
The invention of the hydrogen fuel cell is rich in history. A version of the fuel cell was 
experimented with, though not put into widespread use, over a decade prior to the discovery of 
petroleum wells in 1853 [3]. The first fuel cell, or gas battery as it was called, was created in 1839 
by William Grove, roughly 14 years earlier. All information regarding his findings was gathered 
from a paper he wrote and sent to the Royal Society [4].  Like most great inventions, the fuel cell 
working as it did was not intentional nor predicted. Grove had been meaning to show that oxygen 
and nitrogen on their own would not produce voltaic action, i.e. would not produce a current. 
Most experiments he performed confirmed this theory. However, one of the trials he ran did 
produce a current, likely due to phosphorus contamination since the nitrogen he was using was 
produced by burning phosphorus in the atmosphere. Grove sought to figure out what the cause of 
the current was. He hypothesized that phosphorus could be used as a “voltaic excitant,” acting 
similar to the oxidizable metals found in voltaic cells used at the time.  
To test his hypothesis, Grove designed an experiment to determine the voltaic action of 
phosphorus, sulphur, and hydrocarbons. He used a few different experimental setups. The main 
experimental setup was closed off from the atmosphere and the respective substances he was 
testing were kept separate from one another in inverted glass tubes submerged in the same water 
bath on the open side of the tube as shown in Figure 1-2, part a. The bath and a platinum wire 
were the only connection between the substances. His main experiment had solid phosphorus and 
gaseous nitrogen together with a platinum sponge in one glass capsule and oxygen with a 
platinum sponge in the other. This provided voltaic action, but the cause and reason were 
unknown to Grove. He then created a similar experiment with sulphur, but it did not give him 
reaction nor voltaic action until the sulphur was heated. This was interesting but did not aid in 
finding the cause or reason for the voltaic action of either substance.  
Grove next sought to find additional substances that would produce voltaic action, so he 
experimented with camphor. He concluded that camphor decomposed into methane and carbon 
monoxide when exposed to a wire subjected to enough voltage to ignite.  He further concluded 
that these gases were created with the phosphorus and sulphur experiments. Neither experiment 
had a source of carbon explicitly stated, so this seems unlikely. Despite this discrepancy, Grove 
seemed to have a firm grasp on the idea behind a hydrogen-oxygen electrochemical cell. In his 
concluding statements he describes a hypothetical self-charging battery that continuously 
produced hydrogen from a piece of zinc, presumably in a hydrochloric water bath. He explains 
how this battery would theoretically get oxygen continuously from the atmosphere and continue 
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to produce hydrogen so long as the zinc is replaced as soon as it stops moving, thus indicating it 
is no longer reacting. Figure 1-2, part b, shows the setup Grove designed for the battery. His 
description of the self-charging battery and the setup can be found in Appendix A. The full 
explanation is not necessary here, but the theoretical battery he designed makes it clear he was the 
first to design a version of the hydrogen-air fuel cell. 
  
(a) Phosphorus setup    (b) Hypothetical Zinc setup 
Figure 1-2  Setup of voltaic action experiments created by William Grove [4]  
William Grove’s gas battery was the base model fuel cells were developed from. Several 
scientists took interest in the gas battery and developed it further during the following century. 
Most scientists of the time were thwarted by low power density, cost, electrolytes that were 
unsustainable, or a mixture thereof. It wasn’t until the Gemini and Apollo missions that fuel cells 
were created and used successfully. The PEMFC was created by Thomas Grubb and Leonard 
Niedrach for the Gemini program. Both Grubb and Niedrach were chemists working for General 
Electric Company (GE). Grubb was the first of the two to work with the fuel cell. He created a 
membrane made of sulfonated polystyrene as an electrolyte in 1955. In 1958, Leonard Niedrach 
found a way to deposit platinum on the membrane, and thus the PEMFC was born.  The hydrogen 
used to power this cell during the Gemini program was produced by mixing water and lithium 
hydride on site, as shown in equation 1.4. Their testing was successful and showed that the 
PEMFC could be used successfully under the requested conditions [5]. However, those in charge 
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of the Apollo missions chose to go with the alkaline fuel cell instead. Despite this set back, the 
PEMFC is used in many different applications today, including vehicles in temperate climates. 
Unlike the Gemini fuel cells, however, the fuel cells produced and used today use nafion as the 
membrane electrolyte. [6], [7] 
 
 LiH + H2O → LiOH + H2 (1. 4) 
1.3 Cold Operation of the PEMFC 
One of the greatest benefits of the PEMFC is its ability to be run remotely. This benefit is 
greatly limited, however. Despite the many technological advances in material science, fuel cells 
are unable to be run in climates that have temperatures below the freezing point of water. This is 
due to the membrane needing to stay hydrated in order to maintain its conductivity. The fuel cell 
will cease to work and may be damaged irreparably if the membrane is allowed to freeze. Thus, 
any area of the world that experiences winter cannot utilize this technology in areas that are not 
climate controlled. This restriction has prevented the use of fuel cells for remote applications for a 
large portion of the globe. Strategies to combat this restriction have two available pathways. One 
is to alter the membrane such that the freezing point of the water produced is lower than that of 
the ambient temperature. The other is to alter the fuel cell’s environment such that the ambient 
temperature is not allowed to fall below the freezing point of water. Altering the membrane is 
likely going to alter either its conductivity or permeability, potentially reducing the efficacy of the 
fuel cell. Altering the environment would be less likely to alter the function of the fuel cell and 
thus seems to be the better potential solution. 
It is unlikely that there will be a solution that works for all scenarios the fuel cell may be 
used in. This project will focus on finding a cold weather solution for a specific application of a 
PEMFC. Specifically, it will focus on using the fuel cell remotely to power small devices such as 
research equipment out in the field for days to weeks at a time. Finding a potential solution for 
this project will also include designing a prototype setup for running research equipment. This 
was a natural addition to the project if altering the environment was the chosen solution. The 
environment needs to be modeled to determine the feasibility of the solution, so the necessary 
equipment such as sensors will be modeled as well. A prototype for the fuel cell in such a setup 
was already created but failed to address how the fuel cell would be kept from freezing. Rather, it 
seemed to be included as an assumption.  
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1.4 Prototype and Hydrogen Sources 
The aforementioned prototype will be used as the beginning model and altered as deemed 
necessary. Figure 1-3 shows the original prototype [8]. The equipment is housed in a movable 
cabinet that protects it from the external environment. This is important for remote use where 
there may be plants, animals, and inclement weather. The equipment in the cabinet consists of the 
fuel cell, a battery, liquid storage, reactor, two valves, and a controller. To ensure the power 
provided is consistent, the fuel cell is used to charge a battery rather than having the device pull 
the power directly from the cell. The battery then powers the research equipment, assumed to be 
housed outside the cabinet. The battery can be used to power the controller as well if necessary. 
The controller is the brain of the operation. It controls the valves based on readings of voltage, 
current, temperature, and pressure. This control may either be preprogrammed into the controller 
or sent remotely depending on how the software is designed. One valve that is activated by the 
controller is used to determine flow of reactants into the reactor. This reactor’s purpose is to 
produce the hydrogen used to run the fuel cell. If the current is low, the controller may open the 
valve to get more power to be produced in the fuel cell, for instance. The other valve controls the 
flow of the hydrogen into the fuel cell. Since hydrogen will dissipate if left to sit after it’s 
produced, this is a safety control to protect the fuel cell rather than the means to determine how 
much/when hydrogen is pushed into the fuel cell. There is a connection of tubing between the 
fuel cell and the liquid storage for the water produced in the reaction within the fuel cell to be 
recycled to the liquid storage tank. There it will be a reactant as part of the hydrogen formation 
reaction. The hydrogen carrying reactant used to produce the hydrogen in this setup is sodium 
borohydride (SBH). The reasoning for this hydrogen source will be further explored and 
explained in the solution discussion. Appendix A has the original article for further information 
on the original project.  
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Figure 1-3 Fuel Cell Prototype [8] 
One of the main variables to be considered when determining a solution to allow the fuel 
cell to be run in cold climates is the hydrogen source. Hydrogen can either be created or stored on 
site. To store hydrogen on site requires a heavy hydrogen tank that poses a safety risk were it to 
leak or be punctured. This is an especially large concern if the research equipment is near a 
roadway. Hydrogen being created on site also has a significant benefit. The reactions to produce 
the hydrogen are exothermic, meaning they give off heat. This is significant since the cold 
solution proposed is to increase the temperature of the environment around the fuel cell and the 
obvious solution to do so is to add heat to it. As such, creating hydrogen on site will be the source 
utilized. There are several reactions that can produce hydrogen.  Metal hydrides are the optimum 
choice for reactants due to cost, high energy density, low weight, and safety of storing the 
materials on site [8]. See the article in Appendix A for further details on these considerations. The 
reason for choosing SBH as the hydride of choice is not explicitly stated in the original report. 
Due to this, the metal hydrides were further explored in this paper. Table 1-1 shows the 
comparisons of the most commonly used hydrides. The comparisons include cost per gram of 
substance and per gram of hydrogen since this is the desired product. It also lists the safety level 
as listed for the hydrides’ safety data sheets (SDS). Environmental concerns were also 
considered. Aluminum (Al) was the only metal of those listed that is closely monitored by the 
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Environmental Protection Agency (EPA) for metal contamination [9]. Neither lithium nor sodium 
were listed. Considering only the hydrides that don’t contain aluminum, SBH is 4 times cheaper 
than the next expensive metal hydride, costing 12 dollars per gram hydrogen compared to just 
under 54 dollars per gram hydrogen for lithium hydride. Given the price difference, the similarity 
in safety risks, and the lack of significant environmental concern, SBH will be the hydride used 
for hydrogen production.  
Table 1-1 Metal Hydride Comparisons  
Metal 
Hydride 
Health 
Risk 
Flammability 
Risk 
Instability 
Risk 
Physical 
Restraints 
Cost 
($/g) 
Weight 
% H 
Cost 
($/g H) 
LiAlH4 2 4 2 W 3.40  10.5 32.38  
LiBH4 3 3 2 W 
   
17.32  18.4 94.13  
LiH 3 2 0 W 
     
7.76  14.4 53.89  
NaAlH4 3 4 2 W 
     
7.90  7.4 106.76  
NaBH4 3 3 2 W 1.27  10.6 12.00  
 
Several reactants can be used with the metal hydrides to produce hydrogen. Alcohols and 
water are the most common. Water, methanol, ethanol, propylene glycol (PG), tert-Butanol, and 
ethylene glycol (EG) were the reactants considered in the original setup. Ethylene glycol and 
water in a fifty percent (50%) weight combination was selected as the reaction system. No 
explicit reason was given so these were investigated further. Tert-Butanol had negligible 
hydrogen reaction [8], so it will be omitted in further considerations. Table 1-2 shows the safety 
and cost comparisons of the remaining reactants. The cost was determined on a molar basis by 
using molecular weight and density of the substances in addition to the small volume price [1], 
[10].  The far-right column of the table shows the weighted cost per mole, taking into account 
how much of the substance is required per mol of hydrogen gas produced [8], [11], [12]. Water is 
the best reactant in both safety and cost, but the reaction rate leaves much to be desired. Where 
the alcohols achieved > 95% reaction within 30 minutes or less at room temperature, water 
achieved approximately 50% conversion within 24 hours [8]. Ethylene glycol is the best of the 
alcohols in terms of both safety and cost, as shown in the table. Both ethanol and methanol have 
significant flammability safety concerns and propylene glycol is significantly more expensive 
than ethylene glycol. Given that cost will be important for eventually utilizing these fuel cells in 
such an application, this was a deciding factor. While ethylene glycol would be a good choice on 
its own, water and ethylene glycol combined would be safer and more economically feasible. 
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Ethylene glycol mixed with water depresses the freezing point of water alone. This will be 
beneficial for startup when the reactants could reach temperatures lower than the freezing point of 
water. Further, adding water lessens the risk of a runaway reaction occurring. This analysis 
supports the use of the ethylene glycol and water mixture, so this is what will be used for the 
model.  
Table 1-2 Alcoholysis Reactant Comparisons  
Reactant 
Health 
Risk 
Flammability 
Risk 
Instability 
Risk 
Cost 
(/mol) 
Ratio 
Produced 
Cost 
(/mol H) 
Methanol 1 3 0  $ 18.11  1  $ 18.11  
Ethanol 2 3 0  $ 7.59  1  $ 7.59  
EG 2 1 0  $ 7.97  0.5  $ 3.99  
PG 2 1 1  $ 17.85  1  $ 17.85  
H2O 0 0 0  $ 0.24  1  $ 0.24  
 
1.5 Model Prototype Setup  
Several options, in addition to the hydrogen source, can be used to add heat to the 
environment around the fuel cell. The means of adding heat can significantly alter the overall 
energy efficiency. If the heat must be provided by a separate device that requires power, then the 
production of usable power is reduced. Due to this and keeping cost down, it’s best to find a 
solution that utilizes an existing part of the system. The existing system has two main sources of 
heat production, the hydrogen production and the fuel cell. The amount of heat the fuel cell 
produces is the amount of energy produced in the water formation reaction minus the power that 
is pulled from the cell. This quantity of heat is dependent solely on the load required to run the 
equipment and the efficiency of the work provided. If more hydrogen is supplied than is required 
for power, it will escape as a purge. It will not cause the reaction in the fuel cell to proceed any 
further. Due to this, the heat from the fuel cell must be treated as a function of power, rather than 
a variable that can be altered. The hydrogen production reaction is the other main form of heat 
production. The heat it gives off is the heat of reaction. This will be a function of power needed 
but may also be used as a variable. This will be further discussed in the modeling section of this 
project.   
The hydrogen production reaction has several variables to be considered. The reactants 
have already been determined but their concentrations and physical form have to be considered 
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before the model or the physical setup can be determined. The metal hydride, SBH, comes in 
solid form. The original setup has this stored in the bottom of the reactor with the other reactants, 
both liquids, deposited from above as needed. There are concerns with this setup were it to be run 
for days at a time. Depending on the pH of the solution in the reactor, some of the products may 
be solids. If these solids form a crust, preventing the reactants from meeting, the reactor would 
fail to perform as designed. Additionally, even if the products remain liquid, the reactants being 
able to interact may be prevented or slowed depending on viscosity and temperature of the 
solution and reactants.  
Due to these complications, it would likely be less cumbersome if the SBH could be 
stored in liquid form and deposited at the same time as the other reactants. This would allow the 
reaction to take place either in solution with, or on top of, the previously made products.  This 
also allows better modeling since it allows concentrations to be utilized, rather than modeling the 
surface area of reaction. This will be the method utilized for creating the model for this project. 
The means of getting SBH in liquid form will also have to be determined. It is exceptionally 
soluble in water but reacts with it. It is moderately soluble in diglyme and doesn’t react with it. 
These options will be further discussed in the following chapters.  
Figure 1-4 shows the fuel cell setup that will be used when modeling the heat transfer. 
All physical equipment, aside from sensors, is colored grey in the figure. The two boxes at the top 
represent the containers that hold the reactants. These are held above the reactor to allow gravity 
to drive the flow of reactants. The flow of reactants is represented by the dark lines and arrow, 
indicating flow of mass. The container on the left will contain sodium borohydride and the liquid 
that is used to dissolve it. The one on the right will be the 50 weight % mixture of water and 
ethylene glycol. The flow of reactants will be controlled by two solenoid pinch valves that remain 
closed until they receive a signal from the controller. Hydrogen flows from the reactor to the fuel 
cell, represented with another dark arrow. There will be a pressure release valve on this line to 
prevent excess hydrogen buildup or injury to sensors. There are pressure and temperature sensors 
in the reactor and a temperature sensor in the fuel cell. The voltage for the battery as well as the 
voltage and current for the fuel cell are also monitored. This information will be sent to the 
controller (the lines for this were omitted in the diagram for clarity). For safety and simplicity, a 
breadboard will be used to electrically connect the battery, fuel cell, and controller. These 
connections are represented in the figure as zigzag lines. There is also a line going from the 
battery that indicates the load that will be drawn from by the equipment being powered by this 
setup. The reactor is represented as a cylinder because it will be assumed to be a large polyvinyl 
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chloride (PVC) pipe with appropriate lining to prevent as much hydrogen as possible from 
escaping.  
 
Figure 1-4 Model Fuel Cell Prototype  
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Chapter 2 
Modeling the Fuel Cell 
Modeling the heat given off by the fuel cell requires modeling the rate of reaction since 
that is the origin of heat production. The rate of reaction for the water formation in the fuel cell 
does not follow typical combustion kinetic models. Most reaction rates are directly related to the 
physical property of the reaction area. This can be concentration, such as in the case of a reaction 
occurring in a liquid solution, the surface area in the case of having one of the reactants in solid 
form, or the reaction may occur on a solid catalyst. The operation of the fuel cell differs in that it 
is instead driven by the load requirement. This will be verified in the modeling section of this 
report. This simplifies the heat model for the fuel cell significantly. As mentioned in the first 
chapter of this report, the heat given off by the fuel cell will be a function of power and 
efficiency. Power will be a known quantity when modeling. It is assumed that there will be an 
average power draw needed for the research equipment powered by the fuel cell. The efficiency 
will not be known so it will be modeled in order to estimate the heat given off by the fuel cell per 
amount of power required.  
2.1 Fuel Cell Heat Production 
  The relation between power, efficiency, and heat given off is simple. The energy demand 
of the fuel cell is the power needed divided by the efficiency of the fuel cell, as shown in equation 
2.1 where P is the power requirement, in joules per second (J/s), Ė is the actual energy production 
(J/s) required to produce that power, and η is the efficiency of the fuel cell (unitless). Any energy 
that is not used as electricity dissipates as heat following the conservation of energy. This is 
shown mathematically in equation 2.2, where h represents heat given off (J/s). Equation 2.3 
combines the first two equations and is simplified to show the quantity of heat given off by the 
fuel cell. This heat can be measured directly by monitoring the change in temperature of the 
surrounding area or it can be determined indirectly. The heat is found indirectly using the 
enthalpy of reaction (J/mol) and the amount of reactants used (mol/s). For this reaction, the 
enthalpy of reaction simplifies to the heat of formation of water (J/mol). Equation 2.4 shows the 
heat of reaction equation using the reaction shown in equation 1.3 for the ratio of reactants to 
products, making the units substance specific (J/mol hydrogen or water). The f denotes formation, 
so each term is the enthalpy of formation of the substance in brackets. Since the heat of formation 
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of elements is by definition equal to zero, the enthalpy of reaction simplifies to being directly 
equal to the enthalpy of formation of water.  
 Ė = P
η
 (2.1) 
 h = Ė − P (2.2) 
 h = P ∗ (1
η
− 1) (2.3) 
 
∆Hreaction° = ∆Hf°[H2O] − ∆Hf°[H2] − ∆Hf°[O2]2  (2.4) 
 While the efficiency of the fuel cell is easy to calculate, as shown above, modeling the 
heat given off requires being able to model the efficiency, rather than measure it as it occurs. The 
theoretical maximum efficiency is a good starting point for creating this model. Carnot efficiency 
is a well-known theoretical maximum efficiency model. It is the maximum efficiency for heat 
engines and is derived from thermodynamic laws that govern how the heat is transferred. The 
laws used to create the Carnot efficiency do not apply to fuel cells, however, since the power 
output is not driven by heat flow. There must be a similar efficiency, or physical limit to the 
efficiency that can be achieved for the fuel cell at certain operating parameters. Modeling this 
physical limit will be an important factor for validating the efficiency model. If the efficiency 
model produces an efficiency greater than the theoretical maximum, it will be clear that the model 
needs to be adjusted. As such, this limit will be important to have.  
2.2 Fuel Cell Theoretical Maximum Efficiency 
There are several sources that explore the maximum theoretical efficiency (unitless) of 
the fuel cell. The general form of this efficiency is the change in Gibbs free energy (J/mol) 
divided by the enthalpy (J/mol), shown in equation 2.5 [13]. Both Gibbs free energy and enthalpy 
are functions of temperature. Gibbs free energy is a measure of chemical energy potential. It is 
defined as the difference between enthalpy (H) and entropy (S, J/(mol*K)) multiplied by absolute 
temperature (T,(K)) shown in equation 2.6. The theoretical efficiency could be that of the reaction 
between pure oxygen and pure hydrogen or the reaction between pure (assumed) hydrogen and 
the oxygen content in air, as will be used in this design. Due to the difference in heat capacity (Cp, (J/mol*K)) and mass, the source of oxygen will alter the quantity of heat required to change 
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the temperature and thus will alter the theoretical efficiency. These relations are evident in 
equations 2.7 and 2.8, the equations of change with respect to temperature for entropy and 
enthalpy, respectively. T (K) is the temperature of the substances and Tref (K) is the temperature 
where the entropy or enthalpy is considered to equal 0.  
 
η = Δ
ΔH (2.5) 
 = H − T ∗ S (2.6) 
  ΔH =  � CpdTT
Tref
 
(2.7) 
 
ΔS =  � CpT dTTTref  (2.8) 
Equations 2.7 and 2.8 show the dependence of the enthalpy and entropy on the heat 
capacity of the products and reactants. Heat capacity is temperature dependent, so modeling the 
theoretical efficiency will require modeling the change in heat capacity of the substances with 
change in temperature. The source [1] originally used to model this change had an uncertainty of 
less than 1%. The models had an applicable range from 50 to 1500 kelvin. Operation of the fuel 
cell will be restricted to a much smaller range, so the model was simplified to cover the range of 
273K < T < 330K. The applicable heat capacities are relatively linear with respect to temperature 
within that temperature range. Where there is significant variance, a piece wise linear function 
will be utilized. Table 2-1 lists the substances and the heat capacity models at the respective 
ranges. Oxygen is the only substance that was modeled using the same equation for the full 
temperature range. Appendix B has the applicable data and graphs for reference. The data used 
has an uncertainty of less than 1%.  
Table 2-1 Heat Capacity Modeling Equations 
Substance 
Heat Capacity (J/(kmol*K) 
273 K < T < 300 K 
Heat Capacity (J/(kmol*K) 
300 K < T < 315 K 
Nitrogen  = 1.1412*T + 28773 = 0.7330*T + 28905 
Hydrogen = 9.8002*T + 25911 = 4.6650*T + 27448 
Oxygen  = 4.5950*T + 27983 = 4.5950*T + 27983 
Water(v) = 3.8505*T + 32430 = 6.2323*T + 31701 
While the theoretical efficiency could be modeled on a per mole basis, it is better to find 
the theoretical efficiency of a fuel cell with flow rates or ratios included to ensure the effect of 
temperature is properly accounted for. The theoretical efficiency will be modeled in this project 
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by combining two separate sources [13], [14] and making some further adjustments. The 
combined model will have the same equation for efficiency as that shown in equation 2.5, but the 
difference in temperature is also accounted for, rather than just the change due to the reaction. For 
simplicity, the effect of temperature change will be modeled using the temperature of the 
products as the reference temperature. This means the enthalpy change of the products due to 
change in temperature becomes zero, and the only change due to temperature that needs to be 
modeled is that of the reactants.  
To model the change in enthalpy and entropy due to temperature, terms will be combined 
by creating a molar basis to keep units consistent. All temperatures shown will be in units of 
Kelvin. Equation 2.9 is the enthalpy change of the reactants, ΔHR, in J/mol reaction where TR is 
the temperature of the reactants entering the fuel cell and TP is the temperature of the products 
leaving. All heat capacities are in units of J/(mol [substance] *K). The integrals all have the same 
variable and limits of integration so they can be combined. Since addition requires identical units, 
combining these terms requires all heat capacities be converted to J/(mol H2 *K). This unit 
conversion is achieved by using the input ratio of moles hydrogen to moles of respective 
substance. λ in equation 2.10 is defined as the ratio of moles of hydrogen to moles of oxygen. FE 
is the fractional excess of oxygen which will be a factor determined by the user. This equation 
was created by combining the mathematical definition of excess and the stoichiometric ratio of 
hydrogen to oxygen from the water formation reaction. Equation 2.11 is the enthalpy equation 
with all heat capacity terms converted. yN2,DA
yO2,DA (mol N2/mol O2) is the ratio of nitrogen to oxygen 
in any dry air stream. This combined with λ (mol O2/mol H2) cancels all units of nitrogen and 
oxygen, leaving hydrogen units as desired. yH2O
yO2
 (mol H2O/mol O2), similarly, is the ratio of water 
to oxygen. This can be found without knowing molar flow if the humidity is known. These 
concepts and material balances can be found in any elementary chemical engineering textbook so 
they will not be further explained here. Equation 2.12 shows the generic form of the heat capacity 
equations modeled in Table 2-1, where ai (J/(mol*K)) is the slope and bi (J/mol) is the intercept 
of substance i.  With all heat capacities having consistent units, the a and b terms can be factored 
out and combined to aR and bR terms, shown in equation 2.13. Equation 2.14 is the culmination 
of the previous equations. It shows the enthalpy equation with everything combined and 
simplified, having units of J/mol H2. Similarly, equation 2.16 shows the simplified equation for 
entropy in J/(mol H2 *K). The entropy integral is just the enthalpy term divided by temperature, 
so the combination of terms and simplification is identical and thus omitted. Equations 2.15 and 
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2.17  are provided for completeness. They show the solutions for enthalpy and entropy, 
respectively, once integrated. Any further equation or discussion that references ΔHR or ΔSR will 
be referring to these simplified forms. Equation 2.18 is the entropy change of reaction (J/(mol H2 
*K)), identical to equation 2.4, but for entropy. This is necessary to define the Gibbs free energy 
((J/mol H2), shown in equation 2.19. This equation is derived from equation 2.6 defined for both 
the products and reactants, taking the difference thereof. It accounts for the change in energy due 
to both temperature and the reaction. Equation 2.20 is the enthalpy change (J/mol H2) for an ideal 
reaction where oxygen is delivered pure and in stoichiometric proportions to hydrogen. This is 
the last piece necessary for creating the theoretical efficiency model, equation 2.21, defined as ε.  
 
ΔHR =  � Cp,O2dTTR
TP
+ � Cp,H2dTTR
TP
+ � Cp,N2dTTR
TP
+ � Cp,H2O dTTR
TP
 
(2.9) 
 
λ = 1 + FE2  (2.10) 
 
ΔHR =  � (Cp,H2 + λ ∗ Cp,O2 + yN2,DAyO2,DA ∗ λ ∗ Cp,N2 + yH2OyO2 ∗ λ ∗ Cp,H2O) dTTRTP  (2.11) 
 Cp,i = ai ∗ T + bi (2.12) 
 (a, b)R = (a, b)H2 + λ ∗ (a, b)O2 + yN2,DAyO2,DA ∗ λ ∗ (a, b)N2 + yH2OyO2 ∗ λ ∗ (a, b)H2O (2.13) 
 
ΔHR =  � (aR ∗ T + bR) dTTR
TP
 
(2.14) 
 
ΔHR =  12 aR ∗ (TR2 − TP2) + bR ∗ (TR − TP) (2.15) 
 
ΔSR =  � (aR ∗ T + bR)T  dTTRTP  (2.16) 
 
ΔSR =  aR ∗ (TR − TP) + bR ∗ ln(TRTP) (2.17) 
 
ΔSP = ∆Sf°[H2O] − ∆Sf°[H2] − ∆Sf°[O2]2  (2.18) 
 Δ =  ΔHR − ΔHP + TP ∗ ΔSP − TR ∗ ΔSR (2.19) 
 
ΔHR,ideal =  (aH2 + aO22 ) ∗ (TR2 − TP2) + (bH2 + bO22 )(TR − TP) − ΔHP (2.20) 
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ε = Δ
ΔHR,ideal (2.21) 
Figure 2-1 shows the effect of temperature change on the entropy, enthalpy, Gibbs free 
energy, and efficiency of the water formation reaction and substances. The numbers for these 
graphs were calculated using the model explained above. The percentages listed are the percent 
excess of oxygen supplied in an air stream with 2 weight % water in the air inlet. The temperature 
of all reactants for the excess calculations was 273K. The line labeled delta T = 0 is the only 
setup that has a changing reactant temperature. For this line, the reactant and product 
temperatures are instead set equal to show the effect of absolute temperature rather than just the 
temperature difference of the reactants and products. 273K was chosen as the reactant 
temperature for the other data because it is the lowest the reactants should be allowed to go in the 
application. If the temperature went lower than that, it would cause the membrane to freeze. This 
allows the full range of temperature change that may be experienced in this setup to be 
represented. 
The source of the Carnot lack of efficiency is well known. Fuel cell loss of efficiency is 
not as well studied, however. The model shows the change in Gibbs free energy as the actual 
available energy. Given that the definition of Gibbs free energy includes the enthalpy of the 
reactants, shown in the denominator, the loss of efficiency must be due to the change in entropy 
and the enthalpy change of the excess reactants, by definition. One physical cause of efficiency 
loss in the entropy of the system/enthalpy of the excess reactants and inert gases is likely that the 
oxygen leaving must go against a diffusion gradient (the gas out of the fuel cell will have less 
oxygen than that going in since oxygen gets used to create water). Another loss is likely the 
expansion of the gases, evident in the increased loss of efficiency as temperature increases. These 
losses correlate with the irreversibility of the energy change, so they appear to be reasonable 
assumptions of loss.  
Visual basic user defined functions were used to create the data for the graphs. These 
functions may be found in Appendix C. 
 
18 
 
 
Figure 2-1 Energy and Efficiency Change by Temperature 
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2.3 Experimental Setup for Fuel Cell Efficiency Testing 
 Two fuel cells were used for efficiency testing and thus modeling. One was used as part 
of an apparatus that had flow, current, and voltage control built in. This will be referred to as the 
apparatus fuel cell (AFC) sold by TN. The other fuel cell used was the H-100 fuel cell stack, sold 
by Horizon [2]. The horizon fuel cell stack (HFC) has a cooling fan that is also the source of air 
input. This is helpful for keeping the cell from overheating but prevented the variance of reactant 
ratio when testing the efficiency of the fuel cell. Due to this, the AFC was used for most 
efficiency modeling experiments. Figure 2-2 shows the apparatus and fuel cell it controls. The 
tank in the picture stores the hydrogen used for the fuel cell and the air is supplied by a built-in 
line in the lab. The black and red valves are the hydrogen and air flow shut off valves, 
respectively. The setup is such that any hydrogen that is not used in the fuel cell does not get 
purged to the ambient air. Rather, the outlet for the hydrogen is connected to a pressure sensor. 
This allows the apparatus to determine if there is too much or too little hydrogen being supplied 
(based on if the pressure continues to climb) and alter the flow rate accordingly. The setup also 
has the reactants run through glass bottles that have water in them and a heating mechanism to 
allow temperature control and bring the reactants to 100% relative humidity before they go into 
the fuel cell.  
 
Figure 2-2 The Apparatus Fuel Cell  
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The AFC has software that allows the user to control the flow rates, current, and 
temperature of the reactant humidifiers. To increase the similarity in conditions of the AFC and 
the fuel cell that will be used in the field,  the humidifiers were bypassed by attaching a separate 
piece of tubing that goes directly from the port out of the apparatus and into the fuel cell. The 
software stores all data in a file on the computer and displays it as it’s being read in. The left side 
of Figure 2-3 shows this display. Being able to view this live data allows the user to see the 
adjusted flow rate and voltage for the individual cells, allowing for easier error management. For 
instance, if something prevented enough hydrogen getting to the fuel cell, the voltage in one or 
more of the cells would begin to drop. If the voltage in any of the cells drops below zero, the 
software is coded to decrease the load by 1 amp. It will continue to do so each time it reads a 
negative voltage until the load is completely removed if necessary. The right side of Figure 2-3 
shows a closer picture of the flowmeters for reference. The flow meter on the left is the hydrogen 
flow meter, and the one on the right is the air flow meter.  
       
Figure 2-3 Real Time Reading User Display and Flow Meters 
 The meters were calibrated using the water displacement method [15]. The air flow meter 
was calibrated using a 4 L graduated cylinder inverted into a 5-gallon bucket, both filled with 
water. The outlet tube from the meter was threaded into the graduated cylinder. Since the 
hydrogen flow meter handles a smaller flow rate, it was calibrated using a 250 mL hydrogen 
burette, shown on the right of Figure 2-4. The tubing shown on the left side of the burette is the 
water outlet. The tubing shown on the right side is connected to the hydrogen source. This tubing 
had to be kept higher than the top of the burette to ensure the water flow didn’t reverse when the 
hydrogen wasn’t pressurized. The calibration curves and their corresponding equations are shown 
on the left of Figure 2-4. The graphs show a linear correlation between reading and flow rate, 
with the trend line going through all data points, so they appear to be a good fit. Reference 
Appendix B for the raw data used for these graphs.  
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Figure 2-4 Flow Meter Calibration Curves and Hydrogen Burette 
The calibration curves were used in combination with the ideal gas equation, equation 
2.22, to determine the flow of reactants, where P is pressure (atm), V is volume (L), T is 
temperature (K), ṅ is the molar flow rate of air or hydrogen (mol/s), and R is the gas constant 
(0.08206 atm*L/(mol*K)).  The necessary changes due to differences in ambient temperature and 
pressure between the day the curves were made and the day the experiments were run were also 
accounted for using ratios formed from rearranging equation 2.22. An example of this 
rearrangement is the classic P1*V1=P2*V2. Visual basic user defined functions were created to 
convert the flow meter readings to moles of applicable gas. The functions and applicable ratios 
are available for reference in Appendix C. P ∗ V = ṅ ∗ R ∗ T (2.22) 
The Horizon fuel cell, seen at the top of Figure 2-5, is a more powerful fuel cell than the 
AFC. It has 20 cells and produces an average voltage of 12 V rather than the 3 cells and average 2 
V observed with the AFC. The HFC does not have its own measurement hardware and software 
as the AFC does. Instead, it has a controller, shown on the bottom left of Figure 2-5. Table 2-2 
has the description of the parts of the fuel cell and controller, as given by the manufacturer [2]. 
The controller and fuel cell have three points of connection. The first two are the positive and 
negative power output for the fuel cell, labeled B and C, respectively, in the fuel cell diagram, 
and G and H, respectively, in the controller diagram. The third point of connection, labeled E in 
the fuel cell diagram and D in the controller diagram, is where the information and control are 
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transferred. These connections and the full setup are shown visually in a connection diagram, 
shown at the bottom right of Figure 2-5. The transfer to the controller from the fuel cell consists 
of temperature readings, control of the purge and hydrogen flow valves, and control of the 
blower. This allows the controller, coded by the manufacturer, to prevent damage to the fuel cell 
and run a short circuit that allows better performance of the fuel cell. The controller prevents 
damage to the fuel cell by shutting the fuel cell load and hydrogen flow off if the operating 
conditions are such that they could injure the fuel cell. This can occur both during start up and run 
of the fuel cell. The conditions that will prevent the fuel cell being run include an internal or 
external temperature that is too high, not enough hydrogen fed to the fuel cell, and low fuel cell 
voltage. The specific voltage and current limits as well as power and efficiency specifications can 
be found in Appendix A.  
 
 
 
  
 
 
 
 
 
 
 
Figure 2- 5 Horizon Fuel Cell, Controller and Connection Diagram [2] 
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Table 2- 2 Horizon Fuel Cell and Controller Descriptions 
 Fuel Cell Controller 
A Warning labels Horizon Logo 
B FC ( + ) Connector LED 
C FC( - ) & load( - ) connector Product No. Label 
D Grounding cable connector Connect Plug 
E Controller multi-connector SCU (short circuit units) switch 
F H2 supply valve ON/OFF button 
G H2 purge valve Connect to FC ( + ) 
H Fuel cell air inlet side Connect to FC ( - ) 
I H2 inlet connector Connect to Load (+) 
J Blower Controller power supply DC 13V(+) 
K H2 outlet connector Controller power supply DC 13V(-) 
L Silicon tube LCD connector 
The hardware used to measure data for the HFC consisted of two parts, the sensors and 
the data acquisition devices. The sensors used were a pressure sensor and a type J thermocouple 
[16], [17]. The data acquisition devices were the compact data acquisition, (CDAQ), and my data 
acquisition, (MYDAQ) systems, made by National Instruments [18]. The MYDAQ was used for 
the pressure sensor and current data acquisition. The CDAQ chassis had multiple modules in it. 
The ones used for the fuel cell were the NI9221, for thermocouple data acquisition, and NI9211, 
for fuel cell voltage acquisition. The MYDAQ current acquisition hardware required a current of 
1 A or less, else it would be damaged. This limit, combined with the 100W rating of the fuel cell, 
required a resistance of at least 10 Ω, calculated using equation  2.23, the definition of power 
rearranged and substituted to solve for resistance.  
R = �PI   (2.23) 
The last piece of hardware required to run and measure output from the HFC was the 12V 
battery, shown in the prototype in chapter 1. The battery is necessary to power the pressure 
transducer and the fuel cell controller. The one used was rated for 12 V at 7 amp hours [19]. A 
circuit was created to measure the efficiency of the HFC. The circuit consisted of resistors, the 
MYDAQ current acquisition, and the fuel cell controller placed in series, with the CDAQ 
acquisition card setup in parallel to the controller. (The controller is where the load is attached, 
not the fuel cell. See Figure 2-5 for reference.) Two sizes of resistors were used, 2.75 and 5 Ω. 
One setup had two 5 Ω resistors and the 2.75 Ω resistor set up in series in the circuit, giving a 
combined resistance of 12.75 Ω. Figure 2-6 shows the wiring diagram for this setup. Pictures of 
the hardware and experimental setup may be referenced in Appendix A.  
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Figure 2-6 HFC Circuit Wiring Diagram 
 The hardware used for data acquisition had its own software. This software is a program 
called Labview [20], also designed by National Instruments. It is a programming software that 
uses a graphical interface to design the code. The version of the software used for this project is 
the 2013 release. Figure 2-7 shows the graphical code, or block diagram as it is called in the 
program, used for the efficiency experiments. The grey line represents a while loop. It is set up to 
collect data and time passed every second, display it to the user, and amend it to the end of a file 
until the user clicks the stop command. The wire shown going to the outside of the loop is a 
command that only occurs once the while loop is complete. This command adds the date to the 
end of the file at the end of each run. The numbers seen connected to the pressure readings are 
used to convert the mV input from the pressure transducer to units of psi. These numbers were 
found via calibration using two different, already calibrated, pressure sensors. The data and graph 
for this calibration can be found in Appendix B.  
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Figure 2-7 Labview Block Diagram for Efficiency Experiments 
 The purge stream mentioned prior introduced error into the expected heat produced since 
it means some hydrogen is not converted into water and heat. Due to this, the hydrogen lost in the 
purge stream was measured. To do so, the purge outlet was connected to the hydrogen burette 
used when calibrating the flow meters. This was measured, but it was noted that the pressure 
would get low enough between purges that the level wasn’t consistent, meaning hydrogen was 
leaking or diffusing faster than it was being produced. No leaks were able to be found. It was still 
measurable, but the accuracy seemed questionable. Further, if the flow of hydrogen was varied 
too significantly, it would trigger the controller to shut the fuel cell off. The inaccuracy in 
measuring the hydrogen lost, in addition to the restriction on the range of hydrogen flow and load, 
meant the HFC was not a good source for efficiency testing. A couple runs were performed for 
completeness, but these were not used to create the fuel cell efficiency model.   
2.4 Fuel Cell Efficiency Results  
While the graphs shown in Figure 2-1 indicate that temperature affects the maximum 
theoretical efficiency, temperature does not appear to be the main component that will affect the 
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experimental efficiency. Preliminary tests showed little correlation between the efficiency and 
temperature. Instead, they appeared to indicate that current would be the largest determining 
factor of both efficiency and voltage. This was the main variable tested in the experiments.  
All efficiency discussed in experimental data was determined via use of equation 2.1, 
rearranged and solved for the efficiency rather than the total energy. The moles of hydrogen, the 
limiting reagent, consumed per second (ṅH2), were used to determine the moles of water 
produced via stoichiometric ratios. The expected energy flow, Ė, in J/s, was determined using 
these moles of water multiplied by the heat of formation of water, assuming complete conversion 
of the limiting reagent. This correlation is shown in equation 2.24.   
 Ė = ṅH2 ∗ 1 mol H2O1 mol H2 ∗ ∆Hf°[H2O] (2.24) 
 To ensure there were no unknown factors affecting the efficiency, the AFC was run for 
just short of an hour with loads of 1 and 2 amps. The fuel cell was malfunctioning when the 
smaller load was run, as is evident in Figure 2-8. It was apparent from the voltage differences that 
the hydrogen was not getting distributed to the 3rd cell properly. The part of the graph where the 
efficiency rebounds to the initial starting conditions shows where the hydrogen flow was 
disconnected and reattached to flush hydrogen back through the cells. This was included as part 
of the graph because, despite erroring, it provides evidence of consistency in efficiency despite 
the start and stop. It also shows that even without being continuously run, there is no apparent 
change due to time. Both of these factors are applicable and important to the model since the 
hydrogen will be supplied as needed, not continuously. The 2-amp load displays no significant 
change due to time. The initial decreasing slope correlates to the expected loss in efficiency due 
to the temperature increase. This data, and all other used in figures and models in this chapter, are 
provided in Appendix B.  
 
Figure 2-8 Graph of Efficiency vs. Time for 1- and 2-Amp Loads 
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 Several experiments were run to test the fuel cell efficiency. Some had the current held 
constant and left to run for a period of time while others had the current varied during the same 
run. Those that had the current varied were labeled by date while those with the current held 
constant were labeled with the current quantity. This will be further explained in the results. The 
temperature continuously rose during all the trials due to the heat given off. Due to the error 
described previously, any experiments with currents higher than 5 amps (A) were not able to be 
run in identical starting conditions as the lower currents, as the fuel cell required time running in 
steady state before these higher currents could be achieved. Due to this, the higher currents were 
not able to be modeled at the lower temperatures and it was not possible to observe non-steady 
state operation at the higher current rates. This will be further discussed when describing the 
results.   
In an attempt to keep the temperature lower as it will be when run outside, the fuel cell 
was put into an ice-water bath with very little water, for two runs. The weight of the ice placed in 
the container at the beginning of the experiments was measured, as was the ice remaining at the 
end. The difference was taken to determine heat produced from the fuel cell. A control run was 
also performed where the fuel cell was placed in the bath, covered, and left for several hours to 
determine heat gained from the environment rather than that produced by the fuel cell.  It was not 
fully submerged in any of these trials to avoid risk of harming it. The fuel cell and the ice bath 
were placed in a thermally insulated container with Styrofoam packing placed on top to try to 
mitigate heat escape. The bath did not keep the inside of the cell cold. The thermocouples are in 
the fuel cell, so they give accurate internal readings and there was no significant decrease in 
temperature as compared to other runs. The ice melted in the control run correlated to a loss of 
13.9 kJ/hr to the environment. This, combined with the expected heat production from the 
efficiency and energy correlation, gave an expected 77 grams of ice melted for the first run and 
64.5 for the second. The ice that melted was 210 and 204.5 grams, respectively. While this 
difference is significant, there were significant differences between the control run and the 
experiment that would have increased heat transferred from the environment to the ice. One 
difference was that the fuel cell was not covered the full length of the experiments. This was due 
to having to make regular adjustments to the fuel cell and external thermocouple placement as the 
ice melted. The second difference was the user, and therefore body heat, presence. The control 
run did not require a user, but the apparatus required consistent monitoring. The final difference 
is the heat produced by the apparatus and computer being run that was not present in the control 
run. Due to the inconsistencies being within reason and the ice not affecting the operating 
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temperature of the fuel cell, no further runs with ice were performed. The ice run results were 
included as part of the main data and included in efficiency calculations performed.   
Once calculated, efficiency was graphed compared to temperature for all experiments 
run, as shown in Figure 2-9. One of the cells in the AFC would error if the load was increased too 
quickly. The voltage of the cell would either decrease to negative over the course of 
approximately 30 seconds, or it would immediately decrease to a negative voltage directly after 
load increase. This erroring was omitted from the remaining graphs since the source of it was 
known and the same erroring has not been experienced in the other fuel cell. Further, this level of 
failure would require user intervention and thus would not represent how the fuel cell would 
operate when in the field. For integrity and completeness, this data is available for reference in 
Appendix B. “i1” and “i2” shown in the graph are the two sets of data taken while the fuel cell 
was placed in an ice bath. “st1” and st2” were the first trials run. They are the staircase setup that 
can be auto run by the program, where it increases the current from 0 to 2.5 A in steps of 0.5 A 
every 2 minutes. The graph appears as if the efficiency is strongly temperature dependent 
between 295 and 300K, but this is the temperature range where steady state is achieved. This is 
evident since 295K is the ambient temperature and the efficiency and heat transfer is such that the 
time required to reach steady state correlates to a 5 degree increase. This assumption was initially 
realized when it was observed that the data sets that follow this trend perfectly correlate to those 
that experienced significant erroring before steady state could be achieved. The rest of the graph 
makes it evident that there is no correlation between temperature and efficiency. The straight 
lines correlate to the data that was kept at constant current with time, which explains the lack of 
variance in efficiency for that data and supports the notion that the efficiency is solely dependent 
on current.   
 
Figure 2-9 Graph of Efficiency and Temperature Correlation at Steady State 
-0.2
0
0.2
0.4
0.6
0.8
290 295 300 305 310 315 320 325 330 335 340 345
Ef
fic
ie
nc
y
Temperature, (K)
5A 8A 8A1 8-Apr 5A2 i1 i2 15-Aug apr165 apr168 10A 2A st2 st1
29 
 
 As stated previously, the current appears to be the variable that the efficiency is 
dependent on. Figure 2-10 displays this correlation in a graph of efficiency vs current. There 
appears to be a distinct pattern where efficiency increases with current until roughly 5 amps, 
where it slowly begins to decrease.  
 
Figure 2-10 Graph of Efficiency and Current Correlation at Steady State 
The variance in the current seems within reason given the lack of precision in the flow 
rate meters of the apparatus, shown in Figure 2-3. The picture shows the markings at 0, 50, and 
100 mL, with a decreasing length between them. This uncertainty will be quantitatively evaluated 
in the modeling section of this chapter.  
2.5 Fuel Cell Efficiency Model 
 To create the model, the current was set as the independent variable and the efficiency the 
dependent variable. To mitigate the weight of samples that were run for longer times when 
testing, the data was broken up into pieces. Any data set with 5 or more points that differed from 
the previous set by 0.01 A or more was considered a unique set. The average current and 
efficiency were then calculated for each unique set and used as a point. This also allowed the 
measurement with the greatest uncertainty, the flow rate, to be the weighted factor since this was 
only changed/recorded when the current was altered, thus, another set was created. Once the 
averages were determined, the model was able to be created. Equation 2.25 was the equation used 
to create the model, where y is efficiency, x is current (A), and a and b (A) are the variables that 
can be changed to fit the data. Newton’s method (via Excel’s Solver), was used to minimize the 
sum of squares, shown in equation 2.26, to find the values for a and b that allow the best fit for 
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the model. Table 2-3 shows some of the data used for the model. To conserve space, the data 
shown was limited to the current that directly correlates to the settings used. The sum of squares 
and variable values shown were found using all the averaged data.  The raw data and the averages 
used can be found in Appendix B. y = xa ∗ x + b (2.25) SS = (yreal − ymodel)2 (2.26) 
Table 2-3 Efficiency Model Data  
Current 
(A) 
Avg 
Eff Mod Eff 
Difference 
Squared 
  
0 0 0 0 
a 1.376 
0.501 0.264 0.300 0.001 
b 0.982 
0.999 0.424 0.424 0.000 
SS 0.0403 
1.50 0.492 0.492 0.000 
2.00 0.529 0.536 0.000 
2.49 0.623 0.565 0.003 
3.00 0.584 0.587 0.000 
3.50 0.548 0.604 0.003 
5.00 0.710 0.636 0.006 
8.00 0.663 0.667 0.000 
10.0 0.630 0.678 0.002 
 
 
The model and its standard error limits were graphed with the averaged data, shown at 
the top of Figure 2-11. For clarity, the model’s error is omitted for the graph with the raw data, 
shown on the bottom of Figure 2-11. The error bars shown in the average data in the graph at the 
top of Figure 2-11 were determined using 95% confidence based on the physical measurements of 
the data. This error was computed using the jitter macro in Visual Basic [21]. The error shown for 
the model is the standard error, shown informally in equation 2.27 where SS is the sum of squares 
defined in equation 2.26 and the degrees of freedom (DOF) is number of points used minus one. 
The model appears to be a good fit with error that is similar magnitude to that found in the data.  
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Figure 2-11 Model and Raw Data Comparison 
Error = � SSDOF (2.27) 
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Chapter 3 
Modeling the Rate of Hydrogen and Heat Production 
 The complexity in modeling the heat given off by the hydrogen production reaction lies 
in the rate of reaction. This rate is what must be modeled since the rate of reaction occurring is 
directly related to the rate of heat production. Unlike the rate of reaction for the fuel cell, the 
hydrogen production reaction rate is directly related to the physical properties of the reaction 
area, in this case, concentration. Concentration will change as the reaction proceeds, based on the 
ratio of products to reactants and the physical state of the products formed. Equations 3.1 and 3.2 
show the reactions for SBH with water and SBH with ethylene glycol, respectively. For ease of 
discussion, the reaction with water will be referred to as hydrolysis and with ethylene glycol as 
alcoholysis.  
 NaBH4(s) + 2H2O(l) → NaBO2(l) + 4H2(g) + heat (3.1) 
 NaBH4(s) + 2CH2OHCH2OH(l) → NaB(OCH2)4(aq) + 4H2(g) + heat (3.2) 
The “heat” term shown in these equations is the difference in heat of formation between 
the products and the reactants. This heat of formation, shown on the right side of the equation, 
will be considered positive as heat output to the environment. Similar to equation 2.4, equations 
3.3 and 3.4 are the equations for the enthalpy of reaction for the reactions. The hydrolysis heat of 
reaction was determined using equation 3.3. However, the aqueous product of the alcoholysis 
reaction is not a known molecule with heat of formation listed in any sources found. The heat of 
reaction found experimentally in a separate publication was used in place of using the formation 
equation. The enthalpy values used for calculations were -212.1kJ/mol and -227kJ/mol for the 
hydrolysis and alcoholysis reactions, respectively [22].  
 ∆Hhydrolysis° = ∆Hf°[NaBO2] + 4 ∗ ∆Hf°[H2] − 2 ∗ ∆Hf°[H2O] − ∆Hf°[NaBH4] (3.3) 
 ∆Halcoholysis° = ∆Hf°[NaB(OCH2)4] + 4 ∗ ∆Hf°[H2] − 2 ∗ ∆Hf°[E ] − ∆Hf°[NaBH4] (3.4) 
 While both the alcoholysis and hydrolysis will occur together, they will first be modeled 
individually. This will allow a better understanding of what is happening in the reactor.  
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3.1 Modeling Reaction Rate 
 Modeling rate of reaction is highly dependent on the reactor type being used. As labeled 
in the prototype in chapter 1, this reactor is a semi-batch reactor. Semi-batch typically means one 
or more reactant is placed in the reactor at time 0 and is not added during the progression of the 
reaction while one or more of the other reactants are added several times, if not continuously, 
after time 0. This reactor will stray from that slightly in that both reactants are added after time 0. 
It is still considered batch, however, since there is no outlet stream for the products or reactants. 
The general form of reaction rate is created via use of the general material balance equation that 
can be represented as in – out + generation = accumulation. Equation 3.5 is the material balance 
equation represented for reactant A, where FA0 is the flow of A in to the reactor (mol A/s), FA is 
the flow of A out (mol A/s), rA is the reaction rate (mol A/L*s), V is the volume of the reactor 
(L), and NA is the moles of reactant A (mol A). The reactor for this application has no flow out, 
as stated previously, and complete mixing is assumed so the rate of reaction is not dependent on 
position in the reactor. This simplifies the material balance to the form shown in equation 3.6.  
Reactant A is chosen to be the limiting reactant, and the other reactants and products, as 
applicable, are modeled after the change in the limiting reactant.  
 FA0 − FA + � rA dVV
0
= dNAdt  (3.5) 
 FA0 + rA ∗ V = dNAdt  (3.6) 
The flow of reactants in is as needed, not on a continuous basis, so models with respect to 
time will treat this as a batch reaction, thus setting FA0 equal to 0. The reactants and products 
already present can be considered as part of the initial concentration of the limiting reagent. The 
rate of reaction for both the alcoholysis and hydrolysis reactions have been found to be linearly, 
and solely, dependent on the concentration of SBH. The rate of reaction model equation takes the 
form shown in equation 3.7, where k is the rate constant (s-1) and CA is the concentration of 
species A (mol A/L solution). k can be modeled via use of the Arrhenius equation, shown in 
equation 3.8, where A is the frequency factor (s-1 in this context), Ea is the activation energy of 
the reaction (J/mol), R is the universal gas constant (= 8.314 J/(mol*K) in this context), and T is 
the temperature of the reaction (K). This equation can be rearranged to solve for the rate constant 
at a different temperature, as seen in equation 3.9.  
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 −rA = k ∗ CA (3.7) 
 k = A ∗ e−EaR∗T (3.8) 
 k = k0eEaR ( 1T0−1T) (3.9) 
 Since the reaction rate is dependent on concentration, which varies with time, the rate 
was modeled via use of a differential equation modeling software called Polymath. The 
differential equation used was a derivation of equation 3.6, with the negative of the reaction rate 
used and both sides of the equation divided by NA0 (mol A) to build the model as a function of 
fractional conversion, x (mol A consumed by time t/mol A at time 0). 3.10 is the resulting 
equation. This equation should be valid for any batch reactor. Polymath finds a solution via the 
initial value problem (IVP) solving strategy. Due to this, it requires all variables that change with 
the independent variable (time in this case) to be defined at the starting conditions, indicated with 
the subscript “0”.  The initial and final time were also specified. Initial mass of SBH (reactant A) 
and volume of either EG or H2O (reactant B) were set directly equal to the measurements so the 
equation is unnecessary here. The other variables were defined based on these measurements and 
known quantities such as molecular weight. The initial concentration of SBH, CA0 (mol/L), is 
shown in equation 3.11, where V0 (L) is the volume of reactant B added (the volume of SBH is 
assumed to be negligible and irrelevant since it is solid phase and the reaction occurs on its 
surface, not throughout the solid volume)). The calculation of NA0 (mol A) is shown in equation 
3.12 where mA is the initial mass (g) of SBH added and  MWA is the molecular weight (g/mol) of 
SBH. The volume changes as the reaction proceeds. This change is modeled, shown in equation 
3.13, as the original volume minus moles of B consumed, divided by the molecular density, ρM,B 
(mol B/L B). The concentration of A at some time, CA (mol A/L) is modeled similarly, shown in 
equation 3.14. It is set equal to the moles remaining divided by the volume remaining.  dxdt = −rA ∗ VNA0  (3.10) 
CA0 = NA0V0  (3.11) 
NA0 = mAMWA (3.12) 
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V = V0 − 2 ∗ NA0 ∗ xρM,B  (3.13) 
CA = NA0 ∗ (1 − x)V  (3.14) 
Modeling the reaction rate requires knowing the rate constant. This is an issue in that the 
activation energy and frequency factor are unknown variables that require measuring the reaction 
rate to find them. There are sources that provided the activation energy for the alcoholysis 
reaction but did not provide the raw data or calculated rate constant. This was inferred from the 
graph and a model was created, but it did not appear to match their results. The left side of Figure 
3-1 shows the code (modified from code written by Dr. Steven Sternberg) to create the ethylene 
glycol model in Polymath and the right side has the graph that the reaction constant of 0.001136 
(1/s) at a temperature of 323K was estimated from. This model didn’t show full conversion until 
around 22 hours, where the source gave the conversion at those conditions as 3 minutes. Similar 
results were found for the hydrolysis model. Due to these discrepancies, further modeling was not 
pursued until the reaction rate constant, the activation energy, and the frequency factor, could be 
experimentally determined.  
 
Figure 3-1 Model Code and Graph of Data 
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3.2 Reaction Rate Experimental Setup 
 Both the alcoholysis and hydrolysis reactions involve gas evolution. Since gas leaves the 
solution at approximately the same rate it is formed, this was the easiest measurement for the rate 
and extent of reaction. The hydrogen burette was used to measure the gas, hydrogen, as it was 
produced. The burette was connected to one neck of a 250-mL 3-neck round-bottom flask. The 
other two necks of the flask were used for sensors. The middle, and largest, neck was used for the 
pressure sensor while the right neck was used for the temperature sensor. The left side of Figure 
3-2 shows the full experimental setup before the pressure sensor was attached. The right side of 
the figure shows a closeup of the 3-neck flask and attachments with residual products in the 
bottom. To connect the pressure sensor to the flask, a glass tube was pushed through the stopper. 
This was done by pushing the tube through without removing any rubber, thus increasing the 
pressure around the tube to reduce amount of hydrogen lost through the stopper. A silicon tube 
was pushed over the glass tube, creating a pressure seal. The end of the silicon tube was then 
connected to the pressure sensor via use of a “T” junction. A pressure relief valve and the 
pressure sensor were attached to the other ends of the junction. The pressure relief valve was put 
in to protect the pressure sensor in case enough hydrogen was supplied to cause the pressure to 
rise above 15 psi, the rated maximum pressure for the sensor. The connection with the relief valve 
was identical to that with the stopper since the valve was made primarily of glass tubing. The 
connection to the pressure sensor was done via use of compression fittings that screwed onto the 
pressure sensor. The thermocouple was a larger concern since the sensor must be directly in the 
reactor, not attached at the end of tubing. To do so, a glass tube was pushed through the stopper 
just as with the pressure sensor. Silicon tubing was then attached to the glass tube and the 
thermocouple was threaded through both. The other end of the thermocouple had to be attached to 
the CDAQ, so there was no way to directly cut off potential flow of hydrogen to these areas. A 
clamp was attached to the silicon tubing and tightened by hand. The end of the tube was filled 
with liquid silicone to give as much flow resistance as possible. The end of the thermocouple in 
the reactor was kept above the volume of the flask used for reaction to make sure the metal of the 
thermocouple couldn’t act as a catalyst for the reaction. These connections are present in the 
picture shown on the left of Figure 3-2 but missing in the picture on the right because the 
thermocouple had not yet been added. Snoop [23] was used periodically to check for leaks in 
each point of connection. Finally, the flask was placed in a water bath to keep the temperature 
more consistent to allow better evaluation of the rate constant.  
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Figure 3-2 Experimental Setup of Reaction 
 The thermocouples and pressure sensors were monitored via use of the Labview software 
for this experiment as well. The setup is shown in Figure 3-3. The setup is identical in concept to 
that shown in chapter 2, section 2.3, so further explanation will be omitted here.  
 
Figure 3-3 Labview Virtual Instrument Setup for Rate of Reaction Experiments 
 The reactants were added to the flask via use of micropipettes when the SBH was already 
in the reactor. The neck of the flask that the thermocouple was inserted into was the one used for 
reagent addition. As soon as the reactants were added the stopper/thermocouple combination was 
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placed back in the neck and the measurement software was started. Vaseline was used on all 3 
stoppers to create a better hydrogen seal. A second thermocouple was used for the burette to get 
the temperature of gas for determining the moles of hydrogen present.  
3.3 Reaction Rate Results  
The rate experiments were performed for ethylene glycol and water separately and in the 
mixture that will be used in the prototype. The concentration was determined by measuring 
weight of SBH added, converting to moles, and dividing by the volume of reagent added, either 
EG or water, as shown in equations 3.11 and 3.12. The natural log of the concentration was taken 
and graphed with time to verify that the reaction was first order with respect to the SBH, as 
assumed. Figure 3-4 shows these graphs for the room temperature and 15 degrees Celsius mixed 
reactant experiments. The graphs cover the length of the reaction that had temperature variance of 
less than 1 degree Celsius. Thus, they don’t start at time 0. Their linear pattern strongly supports 
the assumption that the reactions are first order with respect to the SBH concentration [24].  
 
 
 
Figure 3-4 Graphs of Natural Log Concentration per Time used to verify order of reaction 
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Since the rate constant, k, varies with temperature, data from all experiments was 
grouped by change in temperature within the experiment, where any data within 1 degree Celsius 
of one another was a group. Each group of data then had the average temperature, concentration, 
change in concentration, and rate constant determined. These points were used to create an 
Arrhenius plot for each reactant individually as well as the mixture. While the mixture won’t have 
a true activation energy, this allowed an effective activation energy to be estimated to create the 
model. This was done for the frequency factor as well. Figure 3-4 has these plots as well as linear 
trendlines with the equations shown. The intercept (=ln(A)) was used to calculate the frequency 
factor and the slope of the line was used to find the activation energy (slope = -Ea/R). These 
values were used to calculate the rate constant, k, in further modeling. 
 
Figure 3-5 Arrhenius Plots used to determine the activation energy and frequency factor constants for the 
rate law 
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Table 3-1 shows the resulting activation energies and frequency factors found via use of 
the linear trendline equations displayed in Figure 3-5.  
Table 3-1 Respective Activation Energy and Frequency Factor  
 Ea (kJ/mol) A  (1/s) 
Alcoholysis 85.1 1.61E+13 
Hydrolysis 84.0 7.06E+09 
Mixture 165 1.67E+25 
A few errors were encountered with most experiments. The water experiments couldn’t 
be run at temperature below room temperature because the reaction proceeded slowly enough the 
hydrogen would diffuse or escape before it could be effectively measured. The EG experiments 
had the opposite issue where the temperature had to be reduced to slow the rate enough to get 
good measurements of the gas evolved. Another issue was encountered with the ethylene glycol 
experiment anytime the reactants were added at a temperature below 5 degrees Celsius. They 
would go through a period of time where no reaction would be observed until suddenly the 
reaction proceeded very quickly. This was likely due to the sodium borohydride not dissolving 
readily, but once dissolved, creating enough heat from the reaction to increase the rate 
significantly. Unfortunately, these results correlated with having a chunk of the SBH still 
remaining at the end when the reaction wasn’t proceeding fast enough to get results. This 
prevented any usable data from being gathered. This was not further pursued since ethylene 
glycol wasn’t going to be used on its own, but it gave strong support of not using pure ethylene 
glycol as the only reactant in temperatures near freezing.   
There were also intermittent issues with hydrogen leaks where no leak would be observed 
via the physical test (i.e. no bubbles were observed when snoop was used), yet the pressure would 
suddenly drop while the reaction would be observed to still be continuing. This was assumed to 
be the point where the leak became greater than the amount of hydrogen produced in the reaction. 
The experiments had to be stopped at this point because the volume of hydrogen produced could 
no longer be measured. This error will tend toward a more conservative model in that it will 
underestimate the amount of hydrogen, and therefore heat, produced. This will be discussed 
quantitatively in the model.   
The above issues were resolved prior to the mixture experiments being conducted, so 
fewer experiments had to be run. The temperature was also varied less because the setup was 
planned to be such that the temperature didn’t go below 10 degrees Celsius to prevent risk of the 
fuel cell getting injured by cold reactants being run to it.  
41 
 
3.4 Reaction Rate Model 
 The rate of reaction was modeled using Polymath as mentioned in section 3.1. The 
activation energy and frequency factor found experimentally were used for this model. The new 
code is shown in Figure 3-6. The program experienced overflow when the frequency factor, A, 
was kept outside the exponential function as it is written in the Arrhenius equation, equation 3.8. 
The natural log of A was used to avoid this issue. This change is shown numerically in the code 
and algebraically in equation 3.15. As mentioned in section 3.1, each run of the model is based on 
one addition of reactants (could be any time during the week that this setup is to be run), where 
the reactants still present in the reactor are accounted for using m, the sum of the mass of SBH 
still in the reactor and the mass added at the beginning of the model. V0 accounts for the amount 
of the other reactants, where it is the sum of the volume of the other reactants left and the volume 
of mixture added at the beginning of the model.  
  
Figure 3-6 Polymath Code for Alcoholysis, Hydrolysis, and Mixture Batch Reactions k = eln(A)− EaR∗T (3.15) 
Fractional conversion, x, was used to give the best error estimation and comparison of 
data versus model. Model runs were created for each hydrolysis (model H), alcoholysis (model 
A), and mixture (model M), experiment that was run in lab (those that had significant leaks or 
other hardware issues were excluded). The models required one temperature be used to estimate 
the rate constant for the experiment they modeled. This was the greatest source of error in the 
models, especially those correlated to experiments that had significant change in temperature. To 
reduce the error, the models were run with the average measured temperature in the experiments 
they replicated.  The initial mass (m in the code) and volume (V0 in the code) used in each 
experiment were input to the model, directly modeling the moles and concentration at time 0 for 
the experiments. Models H and A were created to validate model M since model M used effective 
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values for the rate constant and activation energy. Further discussion of models H and A will not 
be included in this report since model M is the reaction model for the 50 % mixture that will be 
used to react with the SBH to create the hydrogen for the fuel cell. 
Replicating the experiment parameters in the model allowed direct comparison of model 
and experiment for error analysis. Figure 3-7 shows this comparison. The experiments labeled 
“cool experiments” refer to the experiments run in a beaker that was held in a water bath at 
approximately 15 degrees Celsius and an initial concentration of approximately 5 mol SBH/L. 
Those labeled “RT Experiment” refer to the experiments run with the beaker kept in a room 
temperature water bath and an initial concentration of roughly 3 mol SBH/L. The 1st cool 
experiment and both room temperature experiments appear to fit the model well. The 2nd cool 
experiment, however,  has significantly better conversion than the model predicts. This could be 
due to the hydrogen being better contained or the heat from the reaction being produced faster 
than the water bath could remove it, thus giving a higher operating temperature than the model is 
based on. The temperature difference is the most likely cause of the discrepancy because the 
temperature of the bath was used to model the temperature of reaction, so a significantly higher 
temperature in the reaction area than in the bath would not have been observed with the 
experimental setup.  
 
Figure 3-7 Model and Experimental Conversions for Mixture  
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The data for the models and experiments is available in Appendix B. Uncertainty was 
evaluated and an average uncertainty of 2% was found, (calculated using fixed and combined 
uncertainties) but the error bars were not long enough to be observed on the graph. The real error 
of the data is likely higher than calculated, but there was no standard deviation to calculate and 
give a better estimate since there were no averages taken in the calculations. The only uncertainty 
that could be directly determined was that due to readability of the physical measurements.   
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Chapter 4 
Creation of the Heat Transfer Model 
Modeling the heat transfer requires modeling the sources of heat, heat sinks, and how the 
heat is transferred within the environment. The simplest heat production is the heat loss from the 
fuel cell, based on the efficiency, as modeled in chapter 2, section 5. The specifications given in 
the original project [8] had a power requirement of 20 W at 12 V for one week. Using equation 
4.1, rearranged to solve for current, I, this requirement was found to have a 1.667 A current. 
Using the efficiency model, this correlated to a fuel cell efficiency of 51.3%. An efficiency of 
50% will be used to model the heat transfer to ensure a conservative model. Equation 2.2 was 
used to find the heat output from this power requirement and efficiency. The heat output was 20 
J/s. This will be used as a constant in the heat transfer model.  P = I ∗ V (4. 1) 
 
4.1 Transient Heat Conduction Approximation 
  It is assumed that there is negligible mass transfer between the system and surroundings 
(the surroundings being anything outside of the large box that represents the boundary of the 
container in Figure 1-4). It is further assumed, based on the lack of mass transfer, that heat 
transfer due to convection is negligible. Equation 4.2 is the equation for heat conduction, where q 
is heat transfer per unit time, hc is the heat convection coefficient, A is the cross sectional area of 
heat transfer, and dT is the change in temperature. The heat convection of air with negligible 
velocity is 10.75 W/(m2*K) [25]. The applicable transfer area for the fuel cell is 0.015 m2. If the 
difference in temperature between the air in the environment and the fuel cell is 10 K, the heat 
transfer would be 1.66 J/s, less than 10% of the heat generated by the fuel cell.  q = hc ∗ A ∗ dT (4. 2) 
 
(Equations 4.3 through 4.10 are basic heat transfer equations. The particular 
nomenclature and explanation of their derivation is based on notes from the Mechanical 
Engineering Department of Auburn University [26].) The assumptions of negligible mass transfer 
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and negligible heat transfer via convection reduces the heat transfer model to that for conduction. 
Equation 4.3 is the equation for energy change with time in a system with fixed volume and 
constant mass where E is the energy of the system and Q̇ is the rate of heat into (or out of) the 
system. If the system is not in equilibrium, then E cannot be related to a single temperature of the 
system and the equation must be expanded to model the heat transfer. To do so, the heat transfer 
is modeled by taking the sum of the energies of infinitesimally small volumes assumed to be in 
thermodynamic equilibrium at any instant, t. This can be taken as a limit as the size goes to zero, 
thus allowing integration by volume to find the energy transfer. Equations 4.4 and 4.5 show both 
sides of the equation expanded with integration to show change in energy per unit volume per 
time. ρ is density (g/m3), c is the specific heat (J/(g*K)), e is the specific energy (J/g), T is 
temperature (K), t is time (s), A is area (m2), q′′ is the heat flux vector (W/m2), q′′′ is the 
volumetric heat source function (W/m3), n is the normal vector out from the surface dA, and V is 
volume (m3).  dEdt = Q̇ (4. 3) dEdt = � ρ∂e∂t dVV = � ρc ∂T∂t dVV  (4. 4) 
Q̇ = −� q′′ ∙ n dA
A
+ � q′′′dV
V
 
(4. 5) 
 Equation 4.6 is a translation of the flux term in equation 4.5 (the integrated term with 
area, A, as its bound). This change was done via use of the divergence theorem to express the flux 
in terms of volume, allowing both integrals from equation 4.5 to be combined. The combination 
of integrals allows equations 4.4 and 4.5 to be substituted back into equation 4.3 and the 
combination simplified. Equation 4.7 is the resulting combination.  Physical understanding of the 
problem allows equation 4.7 to be simplified to the form shown in equation 4.8. Equation 4.8 is 
not very useful for modeling because it is expressed using two different variables, flux and 
temperature. To resolve this, equation 4.9, Fourier’s law for heat conduction, where k is thermal 
conductivity (W/(m*K)), is substituted into equation 4.8.  The resulting equation, equation 4.10, 
is the energy change, first shown in equation 4.3, expressed in terms of one variable, temperature. 
This version of the equation is applicable to any coordinate system since the Laplacian is 
expressed generically. The coordinate system and origin have to be determined to be able to 
create a heat exchange model function.  
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� q′′ ∙ n dA
A
= � ∇ ∙ q′′dV
V
 
(4. 6) 
� (ρc∂T
∂t + ∇ ∙ q′′ − q′′′)dVV = 0 (4. 7) 
ρc ∂T
∂t + ∇ ∙ q′′ − q′′′ = 0 (4. 8) q′′ = −k∇T (4. 9) 
ρc∂T
∂t = ∇ ∙ k∇T + q′′′ (4. 10) 
Cylindrical coordinates were chosen to represent the environment around the fuel cell. 
Specifically, it was treated as a hollow cylinder with a solid inner cylinder, in this case, the 
reactor. The origin was chosen to be the exterior of the reactor. Equation 4.11 is the heat 
exchange model that was expressed in equation 4.10, now expanded for cylindrical coordinates. 
Equation 4.11 was altered further for clarity. k from equation 4.10 was replaced with  λ and I was 
substituted in for q′′′. The variable r in the equation is the radius of the hollow cylinder, phi is the 
angle, and z is the height of the cylinder, all expressed in meters. This equation is generally 
referred to as the transient heat conduction equation.  1r ∂∂r �λr ∗ r ∂T∂r�+ 1r2 ∂∂ϕ�λϕ ∂T∂ϕ� + ∂∂z �λz ∂T∂z� + I(r,ϕ, z, t)  = ρc∂T∂t  (4. 11) 
4.2 Heat Conduction Model 
 Several assumptions were made when modeling the heat transfer in the environment 
around the fuel cell. To accommodate assumptions and simplify the model, the environment 
around the fuel cell was treated as a hollow cylinder, as mentioned in section 4.1. To do so, an 
effective radius, R, was used. This radius is taken to be the average length between the exterior of 
the reactor and the exterior environment. The physical setup referenced in the prototype in 
chapter 1 has a height of 42 inches, a depth of 18 inches, and a width of 36 inches. The diameter 
of the reactor is 4 inches. This means that the shortest length between the exterior of the 
environment and the reactor (radially, excluding height) is 7 inches, while the longest, from 
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reactor to corner, is 17.5 inches. The average of these two lengths is 12.25 inches or 0.3 meters, 
roughly. This will be the effective radius used for calculations. The only change in position from 
the prototype is that of the fuel cell. This will be placed next to the reactor rather than equidistant 
between reactor and the exterior wall as shown in the prototype.  
The main assumption used in the model was that the temperature is constant with respect 
to time. This assumption is justified if the system is designed to have a reaction rate that is 
sufficient, if not greater than, that required to produce the hydrogen necessary to continually 
produce the required 20 W of power in the fuel cell. The constant reaction rate assumption 
assumes that the power requirement is also continuous, an assumption implied at the beginning of 
this chapter when it was stated that the heat production from the fuel cell would be treated as 
constant. The second and third assumption used when designing the heat model pertain to the 
direction of heat transfer. The reactor is treated as a solid cylinder that is significantly taller than 
the fuel cell. It is assumed, then, that temperature is invariant with z in respect to the fuel cell. 
Similarly, it is assumed that there is no angular change in temperature. This assumption is 
justified with the use of the effective radius. Finally, the heat generation, I, was assumed constant 
along the radial length. This assumption seems the least reasonable in this derivation, but it tends 
toward a more conservative model when an effective heat generation constant is used. The 
effective heat generation constant is created by taking the average heat generation and dividing it 
by the length of the container.  
 Assuming steady state conditions with negligible variance with respect to height and 
angle simplifies equation 4.11 to that shown in equation 4.12. The thermal conductivity, λ, of air, 
is shown to be linearly dependent on temperature in the applicable range. The applicable range, 
however, correlates to a change in thermal conductivity of less than 10%. To simplify the model, 
the thermal conductivity was treated as a constant. To optimize the accuracy of the thermal 
conductivity used, the constant was allowed to change with temperature by treating it as a piece 
wise function where the constant used for the conductivity was determined by the range of the 
temperature. (i.e. for T between x1 and x2, constant A is used, else for T between x2 and x3, 
constant B) This reduced the maximum error in the thermal conductivity to less than 1.5%. 
Additionally, the conductivity was left within the equation despite being assumed constant to 
allow easy substitution of a linear correlation when a more robust model is sought. Table 4-1 has 
the data used for the thermal conductivity piece wise function.  1r ∂∂r �λ ∗ r∂T∂r� + I = 0 (4. 12) 
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Table 4- 1 Temperature Dependence of Thermal Conductivity of Air 
Temperature, 
K 
Thermal 
Conductivity of 
Air in W/(m K) 
253.35 0.0227 
263 0.0234 
272.65 0.0241 
282.3 0.0248 
291.95 0.0255 
301.6 0.0262 
311.25 0.0269 
320.9 0.0276 
 Equation 4.12 must be integrated twice to model temperature as a function of radius. 
Wolfram Alpha was used to integrate the equation. The details of the computation can be found 
in Appendix C. The initial solution was simplified by using the ratio of position r to the effective 
radius, R as the independent variable.  Equations 4.13 and 4.14 show the function and first 
derivative expressed with general constants of integration. Equations  4.15 and 4.16 are the 
boundary conditions and resulting expressions for the constants of integration (bolded for clarity). 
Equation 4.17 is the complete version of the equation used to model the temperature as a function 
of radius.  
T(r) = −12 Iλ ∗ r2R + I ∗ rλ + c1e−rR + c2 (4. 13) 
T′(r) = − rR + Iλ − c1e−rRR  (4. 14) 
At r = 0, dT
dr
= 0  →  0 = I
λ
−
c1
R
  →  𝐜𝐜𝟏𝟏 = 𝐈𝐈∗𝐑𝐑𝛌𝛌   (4. 15) 
At r = R, T = Tout  →  Tout = I∗R2λ +  I∗Re∗λ + c2 →  𝐜𝐜𝟐𝟐 = 𝐓𝐓𝐨𝐨𝐨𝐨𝐨𝐨 − 𝐈𝐈∗𝐑𝐑𝛌𝛌 (𝟏𝟏𝟐𝟐 +  𝟏𝟏𝐞𝐞) (4. 16) 
T(r) = − I ∗ r22 ∗ λ ∗ R + I ∗ rλ + I ∗ Rλ e−rR + Tout − I ∗ Rλ (12 +  1e) (4. 17) 
 
The final step to create the model was finding the appropriate value for the heat 
generation constant, I. This value was determined by dividing the amount of heat generated per 
time by the length of the system. The heat generated per time is the sum of the heat from the fuel 
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cell and the heat from the reactor. The heat from the fuel cell was determined to be 20 J/s as 
mentioned at the beginning of this chapter. The heat generated from the reactor was determined 
based on the constant reaction rate assumption. The amount of hydrogen required to constantly 
produce 20 watts of power at a fractional efficiency of 0.5 is 100 moles H2 per week. This was 
found by dividing the actual energy needed, found via equation 2.1, by the heat of formation of 
water, as shown in section 2.2. Stoichiometry requires 25 moles of SBH and 50 moles of the EG-
water mixture to produce 100 moles of H2. The water mixture contains 0.775 molar fraction water 
and 0.225 molar fraction EG. Assuming 1:1 selectivity of the two reactions and using the 
associated heats of reaction, the reactions will produce 4,400 kJ/week from the hydrolysis and 
1,300 kJ/week from the alcoholysis. Converting back to units of seconds, the sum of the heat 
produced by the reactions is 9 J/s, giving a total of 29 J/s heat produced from the fuel cell and 
reactor. The heat generation constant was determined to be 33 J/s.  
 
Figure 4- 1 Effect of Outside Temperature on System Temperature with Respect to Distance From Reactor 
 The lowest temperature reached at the reactor, assuming the environment reaches 233 K, 
was roughly 290 K as derived by the model. This temperature is more than adequate to maintain 
the necessary reaction rate, even at the end of the cycle when the volume of reaction exceeds 4 
liters. Specifically, the model used in chapter 3, with 4 L volume and 6 grams SBH (the amount 
required to run for an hour at a time and assumes no residual SBH), gives over 10 percent 
conversion within an hour at this temperature.  
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4.3 Adding Sodium Borohydride 
One of the main components of the heat transfer model, as discussed in 4.2, is the 
assumption that the rate of reaction would be sufficient to produce the necessary hydrogen for the 
required load for the fuel cell. Further, the rate of reaction model was created as a function of 
concentration, assuming the sodium borohydride would be in solution with the other reagents. 
Given how unpredictably the SBH reacted when in solid form (referring to the discussion at the 
end of section 3.3 of the experiments where the SBH didn’t dissolve due to temperature), the 
sufficient and constant reaction rate assumption would likely be invalid if the SBH reactions 
occur on the surface of the solid. To ensure these assumptions and models were reasonable and 
applicable, means of storing SBH in solution needed to be addressed. During review of literature 
that addressed fuel cell efficiency, it was found that sodium hydroxide (NaOH) could be added to 
the water to stunt the reaction between the water and sodium borohydride [27]. If true, this would 
allow the SBH to be stored in water until it was added to the fuel cell reactor. To test this 
hypothesis, approximately 5 grams of SBH was added to 100 mL of 1, 0.1, and 0.01 
concentrations of NaOH with water. The 0.01 molarity had significant observable reaction. 0.1 
molarity had very little reaction. The reaction proceeded slowly enough that the hydrogen 
production was insufficient to be able to be measured with the hydrogen burette. The 1 molar 
solution had very little, if any, gas evolved in the space of an hour. Pictures were taken at the end 
of an hour for both the 1 molar and 0.1 molar solutions. The left side of Figure 4-2 shows the 0.1 
molar solution and the right side is the 1 molar solution.  
 
Figure 4- 2 Sodium Hydroxide Storage Beaker Experiments 
 The results show that the NaOH water solution at 0.1 molarity could work for SBH 
storage. It was found that running the fuel cell for a week with a load of 20 W and an efficiency 
rounded down to 0.5 required 950 g SBH and 1500 mL of the 50% weight solution. With a 
solubility of 550 g SBH/ 1 L water [28], depositing the SBH in the reactor as a basic, aqueous 
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solution, requires roughly double the amount of water required to react with the SBH. 
Accommodating this solubility would require a reactor volume at least 4 L, preferably 5L. The 
large reactor and the excess water will greatly reduce the reactant concentrations by the end of the 
week. Given that the reactor must be kept above 280 K to prevent the hydrogen sent to the fuel 
cell causing damage, these lower concentrations should not be a problem since significant 
conversion was still achieved at these temperatures. Further, the reaction rate model run with a 
volume of 4L and temperature of 280 K still showed significant conversion. An initial concern 
was that a 5L reactor may be too big for the available space, so the necessary height to achieve a 
volume of 5 L while still keeping a 4 inch diameter was calculated. The height required was 24 
inches, well within the capacity of the container system that has a height of 42 inches, so it was 
determined that size would not be an issue. Further discussion of this storage option and the 
necessary safety considerations will be included in chapter 5. It will be assumed to be the storage 
used in the model, however, since it appears the best option at this point.  
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Chapter 5 
Results and Future Steps 
The temperature around the reactor, according to the model, stayed slightly below room 
temperature with the temperature outside the setup being 40 degrees Celsius below the freezing 
point of water. A test of the model using engineering error was run. A decrease of 20% heat 
generation was still able to keep the area around the fuel cell above the freezing point of water. 
(20% error resulted in a temperature of 279 K at the fuel cell). To further test the limits of the 
model, the heat produced by the reaction to form water was assumed to be absorbed by the 
reactants and thus did not diffuse to the area around the fuel cell. (This parameter was tested 
because the reactants added may be at a lower temperature than that of the reactor and thus may 
absorb some of the heat.) The temperature in the area around the fuel cell was found to still 
remain above the freezing point of water with an outside temperature of -40 degrees Celsius. As 
such, the hypothesis was considered to be supported.  
5.1 Further NaOH Storage Considerations 
As stated at the end of chapter 4, the 0.1 NaOH solution looks like a promising means of 
storage and delivery of the SBH. A few issues must be addressed before this means of storage 
may be utilized. One issue is that the 0.1 molar solution did show some reaction. This may 
actually be a significant benefit, however, because it will help balance the pressure on both sides 
of the valve and help prevent hydrogen rushing from the reactor area to the storage areas when 
the valves are opened to deposit reactants. Another potential issue with NaOH and water as a 
means of storage is the basicity of the solution. Since a basic solution hinders the reaction rate, 
acid would need to be added to the reactor to neutralize the base. This could easily be achieved by 
adding the appropriate amount of acid to the EG such that every dose of EG added to the reactor 
has enough acid to neutralize the amount of NaOH added with the water. This means of storage 
would require the EG be stored separately from the water and added in equal volume to keep the 
effective 50% weight solution, so adding acid to the EG would be quite simple. There is a safety 
concern for this, however, in that acid is a known accelerant for the hydrolysis and alcoholysis of 
SBH. There could be an unsafe acceleration of reaction when the ethylene glycol and acid 
mixture is first introduced to the reactor. This will need to be further explored to ensure the setup 
is safe.   
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5.2 Future Model Considerations 
Despite the model showing the heat provided by the simple running of the setup is 
sufficient to keep the environment warm, it will still be necessary to create the setup with process 
control that allows the ethylene glycol and acid mixture to be added any time the fuel cell or 
reactor get below 280 K to prevent freezing of the fuel cell membrane. This may require an 
additional amount of reactants be added at the beginning of the week, or it may necessitate a 
signal being sent to the operators to replenish the reactants sooner than initially planned. It is 
noteworthy, however, that no solid precipitate was observed during rate of reaction tests. If this 
precipitate is pH dependent, adding the extra ethylene glycol and acid may cause a crust to form 
and prevent mixing of the reactants. pH dependency on rate and solubility will need to be further 
examined before this process control can be created. 
Another process consideration that needs to be addressed before this can be created is the 
amount of reactant addition necessary to maintain the desired rate of reaction. This amount would 
vary dependent on temperature and amount of reactant and product already present in the reactor, 
so this would need to be modeled and experiments run for it. Similarly, the time required to 
dispense the reactants will need to be determined before the valve opening can be coded into a 
program to run autonomously. The time that the valve must be open to dispense the appropriate 
reactants would likely be dependent on amount of reactants remaining due to pressure differences 
caused by changes in fluid height, so this would likely require a significant set of experiments to 
test before this model and code could be created.  
5.3 Safety Considerations 
There is significant concern that the heat of reaction could cause the temperature to rise 
high enough that there would be risk of a runaway reaction. Pressure and temperature settings and 
limits would need to be created and evaluated before this setup could be used. The storage 
consideration appears to present a potential built in safety mechanism, however. Were the water 
and NaOH mixture added without adding the EG and acid, the excess base could potentially stunt 
the reaction significantly, in addition to cooling it down. This safety issue will be especially 
pertinent in warmer weather. It could be that warmer weather necessitates keeping the solution in 
the reactor slightly basic to keep the reaction rate lower overall, assuming the pH variance didn’t 
create physical barriers to the reaction proceeding properly, as mentioned in section 5.2. 
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5.4 The Final Step 
Once everything is coded and setup, the ability of the fuel cell to be run autonomously 
would need to be tested. Essentially, the physical device needs to be setup once it has been 
validated that the setup designed in the initial prototype can be run in Duluth’s beautiful and brisk 
winters. This would be one more step toward using energy produced without emissions, 
especially that produced without the production of carbon dioxide.  
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Appendix A: Supplementary Materials 
 
 
Figure A-1 Grove’s Hypothetical Fuel Cell Setup 
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Figure A-1 Grove’s Explanation of his Hypothetical Zinc Fuel Cell Setup 
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Figure A-2 Continued 
60 
 
 
Figure A-2 Horizon Fuel Cell Specifications 
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Figure A-3 Experimental Setup for HFC Efficiency Model  
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Figure A-4 Original Project Report  
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Appendix B: Physical Data and Applicable Graphs 
 
 
 
 
 
 
Figure B-1 Heat Capacity Graphs 
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Figure B-1 Heat Capacity Graphs Continued 
 
 
Table B-1 Heat Capacity Data 
Oxygen Nitrogen Hydrogen Water 
T (K) 
Cp / 
(J/kmol*K) T/K 
Cp 
(J/kmol*K) T (K) 
Cp / 
(J/kmol*K) T (K) 
Cp / 
(J/kmol*K) 
255.37 29160 273.15 29091 200 27447 273.15 33490 
273.15 29213 288.71 29091 250 28344 273.15 33489 
273.16 29272 293.15 29103 273.16 28620 273.2 33479 
288.71 29294 298 29125 298 28836 283.2 33510 
293.15 29307 298.15 29103 298 28824 293.15 33562 
298.15 29376 300 29125 298 28836 293.2 33548 
298.15 29334 310.93 29133 298.15 28836 298.1 33577 
300 29385 315 29136 298.15 28824 298.15 33586 
310.93 29414   298.15 28836 298.2 33570 
366.48 29789   300 28849 300 33585 
    300 28844 300 33594 
    300 28849 303.2 33593 
    300 28849 313.15 33652 
    350 29081 313.2 33642 
      323.2 33697 
      333.15 33778 
      333.2 33757 
      343.2 33822 
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Table B-2 Flow Meter Calibration Data 
Air Flow Hydrogen Flow 
Setting Flow(mL/s) 
Flow 
(L/min) Setting Flow (mL/s) 
2.0 34.426 2.066 50 0.736 
2.0 34.375 2.063 100 1.622 
2.0 32.432 1.946 150 2.496 
1.75 28.125 1.688 200 3.341 
1.75 27.647 1.659 250 3.974 
1.75 27.160 1.630 300 4.591 
1.5 24.519 1.471 350 5.626 
1.5 26.000 1.560 400 6.198 
1.5 25.278 1.517 450 7.020 
1.25 20.769 1.246 500 7.750 
1.25 21.074 1.264 550 8.578 
1.25 21.121 1.267 600 9.792 
1.0 17.473 1.048   
1.0 17.241 1.034   
1.0 16.827 1.010   
0.75 12.944 0.777   
0.75 12.640 0.758   
0.75 12.585 0.755   
0.75 12.981 0.779   
0.50 8.443 0.507   
0.50 8.405 0.504   
0.50 8.291 0.497   
 
 
Figure B. 2 Pressure Calibration Curve 
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Table B-3 Pressure Calibration Curve Data  
mV P/psi  mV P/psi  mV P/psi  mV 
-0.003 0.034  0.029 4.232  0.059 8.265  0.070 
-0.004 0.034  0.028 4.242  0.056 8.277  0.071 
-0.003 0.035  0.029 4.244  0.056 8.280  0.069 
-0.002 0.035  0.029 4.279  0.058 8.284  0.070 
-0.003 0.035  0.031 4.294  0.060 8.284  0.068 
-0.004 0.035  0.030 4.302  0.060 8.294  0.068 
-0.002 0.035  0.028 4.348  0.059 8.304  0.069 
0.000 0.035  0.035 5.241  0.059 8.311  0.069 
-0.001 0.035  0.035 5.338  0.058 8.320  0.070 
0.000 0.035  0.035 5.345  0.056 8.321  0.070 
-0.002 0.035  0.036 5.345  0.056 8.351  0.071 
0.000 0.035  0.037 5.361  0.058 8.363  0.071 
-0.002 0.035  0.038 5.366  0.057 8.369  0.071 
-0.003 0.035  0.036 5.370  0.057 8.369  0.071 
-0.005 0.035  0.034 5.374  0.070 9.818  0.071 
-0.002 0.036  0.038 5.386  0.071 9.889  0.070 
0.012 1.865  0.035 5.387  0.069 9.903  0.071 
0.010 1.912  0.037 5.392  0.070 9.908  0.070 
0.010 1.918  0.036 5.392  0.068 9.926  0.072 
0.011 1.919  0.037 5.393  0.068 9.940  0.071 
0.010 1.920  0.037 5.398  0.069 9.978  0.072 
0.012 1.928  0.038 5.401  0.069 9.987  0.072 
0.011 1.933  0.035 5.402  0.070 9.997  0.073 
0.012 1.945  0.043 6.304  0.070 10.000  0.070 
0.010 1.965  0.044 6.312  0.071 10.004  0.072 
0.013 1.996  0.045 6.319  0.071 10.004  0.072 
0.010 2.001  0.042 6.320  0.071 10.010  0.073 
0.012 2.003  0.043 6.321  0.071 10.023  0.072 
0.013 2.016  0.043 6.330  0.071 10.024  0.073 
0.010 2.037  0.045 6.332  0.056 8.280  0.070 
0.012 2.040  0.044 6.336  0.058 8.284  0.071 
0.010 2.043  0.044 6.338  0.060 8.284  0.073 
0.029 4.202  0.044 6.341  0.060 8.294  0.101 
0.026 4.210  0.043 6.360  0.059 8.304  0.100 
0.027 4.210  0.043 6.363  0.059 8.311  0.101 
0.026 4.212  0.044 6.374  0.058 8.320  0.101 
0.027 4.214  0.044 6.404  0.056 8.321  0.102 
0.027 4.216  0.045 6.409  0.056 8.351  0.101 
0.030 4.222  0.046 6.419  0.058 8.363  0.102 
0.029 4.224  0.055 8.242  0.057 8.369  0.102 
0.028 4.231  0.056 8.264  0.057 8.369  0.103 
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Table B-4 Mixture 10 C Reaction Data and Derivations 
Time 
mL 
H2o 
bur 
Weig
ht 
H2O 
Pa/
psi T reac T_bur 
mol H2 
*10^3  
mol SBH 
*10^2 
V 
(mL) 
C SBH 
Mol/L X 
0 8 11.1 15.3 285.8 300.3 0.00 2.44 5.00 4.87 0.00 
100 8 11 15.5 288.0 300.2 0.0773 2.44 5.00 4.87 0.00 
250 10 16.8 15.6 288.1 299.9 0.250 2.43 5.00 4.86 0.00 
300 13 19.7 15.6 288.4 299.8 0.380 2.43 4.99 4.86 0.00 
350 16 23.4 15.6 288.4 299.8 0.509 2.42 4.99 4.86 0.01 
400 19 26.3 15.6 287.0 299.8 0.638 2.42 4.99 4.85 0.01 
450 22 29.6 15.6 288.4 299.8 0.767 2.42 4.99 4.85 0.01 
500 26 32.7 15.6 287.4 299.8 0.940 2.41 4.99 4.84 0.01 
550 29 35.9 15.6 287.5 299.8 1.07 2.41 4.99 4.83 0.01 
600 32 39 15.6 287.1 299.8 1.20 2.41 4.98 4.83 0.01 
650 35 42.5 15.6 287.2 299.7 1.33 2.40 4.98 4.82 0.01 
700 37 46.5 15.6 287.0 298.7 1.42 2.40 4.98 4.82 0.01 
750 39.5 47.9 15.6 287.0 298.3 1.53 2.40 4.98 4.82 0.02 
800 43 52.2 15.6 287.0 298.1 1.68 2.39 4.98 4.81 0.02 
850 46 54.8 15.6 287.2 297.9 1.82 2.39 4.98 4.81 0.02 
900 49 57.5 15.6 287.2 297.8 1.94 2.39 4.97 4.80 0.02 
950 52 60.5 15.6 287.2 297.8 2.07 2.39 4.97 4.80 0.02 
1000 55 63.9 15.6 287.2 297.8 2.20 2.38 4.97 4.79 0.02 
1100 61 70.1 15.6 287.4 297.7 2.47 2.38 4.97 4.78 0.03 
1200 67 76 15.6 287.6 297.5 2.73 2.37 4.96 4.77 0.03 
1300 73 82 15.6 287.7 297.4 2.99 2.36 4.96 4.76 0.03 
1700 96 105.3 15.6 286.6 296.6 4.00 2.34 4.95 4.72 0.04 
1900 108 116.5 15.6 286.8 296.7 4.54 2.32 4.94 4.70 0.05 
2100 120 127.4 15.6 287.0 296.7 5.05 2.31 4.93 4.68 0.05 
2300 123 131.6 15.6 287.3 296.8 5.17 2.31 4.93 4.68 0.05 
2750 127 135.3 15.6 287.0 296.3 5.37 2.30 4.93 4.67 0.06 
Mass/g SBH 1 Mass/g SBH 2 Difference mL input 
0.9224 0.0005 0.9219 5 
Table B-5 Mixture 10 C Part 2 Reaction Data and Derivations 
Time 
mL 
H2o  
g 
H2O 
Pa/
psi T_r T_b 
Mol H2 
*10^3 
Mol SBH 
*10^3 
V mL 
Solxn 
C SBH 
Mol/L X 
0 2 -0.5 15.2 289.0 296.2 0.00 25.88 5.00 5.18 0.000 
10 5 10 15.3 288.8 295.9 0.47 25.76 4.99 5.16 0.005 
30 11 14 15.3 288.8 295.7 0.73 25.70 4.99 5.15 0.007 
50 18 21 15.3 288.8 295.6 1.03 25.62 4.99 5.14 0.010 
70 24 26.4 15.3 288.8 295.6 1.29 25.56 4.98 5.13 0.012 
100 31 33.6 15.3 288.8 295.6 1.59 25.48 4.98 5.12 0.015 
120 36 38 15.3 288.8 295.6 1.80 25.43 4.98 5.11 0.017 
140 40 42.2 15.3 288.8 295.5 1.98 25.39 4.97 5.10 0.019 
160 45 47 15.3 288.8 295.5 2.19 25.33 4.97 5.10 0.021 
180 48 51 15.3 288.8 295.5 2.32 25.30 4.97 5.09 0.022 
200 52 53.5 15.3 288.8 295.6 2.49 25.26 4.97 5.08 0.024 
220 56 57.5 15.3 288.8 295.6 2.66 25.21 4.96 5.08 0.026 
240 59 61 15.3 288.8 295.6 2.79 25.18 4.96 5.07 0.027 
260 62 64 15.3 288.9 295.6 2.92 25.15 4.96 5.07 0.028 
280 66 67.2 15.3 288.9 295.6 3.09 25.11 4.96 5.06 0.030 
300 69 70.3 15.3 288.9 295.6 3.22 25.07 4.96 5.06 0.031 
320 72 73.5 15.3 288.9 295.6 3.34 25.04 4.96 5.05 0.032 
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360 78 79.4 15.3 288.9 295.6 3.60 24.98 4.95 5.04 0.035 
400 84 85.5 15.3 288.9 295.5 3.87 24.91 4.95 5.03 0.037 
440 90 90.8 15.3 288.9 295.5 4.12 24.85 4.95 5.02 0.040 
480 95 96.2 15.3 288.9 295.5 4.33 24.80 4.94 5.02 0.042 
520 101 101.5 15.3 288.9 295.5 4.59 24.73 4.94 5.01 0.044 
560 106 106.6 15.3 288.9 295.5 4.81 24.68 4.94 5.00 0.046 
600 111 111.5 15.3 288.9 295.5 5.02 24.62 4.93 4.99 0.048 
640 116 116.5 15.3 288.9 295.4 5.24 24.57 4.93 4.98 0.051 
680 121 121.4 15.3 289.0 295.4 5.46 24.51 4.93 4.97 0.053 
740 128 128.4 15.3 289.0 295.4 5.75 24.44 4.92 4.96 0.056 
760 131 130.6 15.3 289.0 295.4 5.88 24.41 4.92 4.96 0.057 
800 136 135 15.3 289.0 295.4 6.10 24.36 4.92 4.95 0.059 
840 140 140 15.3 289.0 295.5 6.27 24.31 4.92 4.94 0.061 
880 145 144.2 15.3 289.0 295.5 6.50 24.25 4.91 4.94 0.063 
920 149 148.5 15.3 289.0 295.5 6.66 24.21 4.91 4.93 0.064 
960 154 152.7 15.3 289.0 295.5 6.87 24.16 4.91 4.92 0.066 
1000 158 157.4 15.3 289.0 295.5 7.04 24.12 4.91 4.92 0.068 
1040 162 161 15.3 289.0 295.5 7.21 24.08 4.90 4.91 0.070 
1080 166 164.9 15.2 289.0 295.6 7.33 24.05 4.90 4.90 0.071 
1120 170 169 15.3 289.1 295.6 7.57 23.99 4.90 4.90 0.073 
1160 174 172.8 15.3 289.1 295.6 7.72 23.95 4.90 4.89 0.075 
1200 178 176.4 15.3 289.1 295.6 7.91 23.90 4.90 4.88 0.076 
1240 182 180.5 15.3 289.1 295.5 8.07 23.86 4.89 4.88 0.078 
1280 186 184 15.3 289.1 295.6 8.24 23.82 4.89 4.87 0.080 
1320 190 187.5 15.3 289.1 295.6 8.42 23.77 4.89 4.86 0.081 
1360 193 191.4 15.4 289.1 295.6 8.57 23.74 4.89 4.86 0.083 
1400 197 194.8 15.3 289.1 295.6 8.72 23.70 4.88 4.85 0.084 
 mL input Mass/g SBH 1 Mass/g SBH 2 Difference   
 5 0.9803 0.0013 0.979   
 
Table B-6 Mixture Second Room Temperature Reaction and Derivation Data  
Time 
mL 
H2o  
g 
H2O 
Pa/
psi T_r T_b 
Mol H2 
*10^3 
Mol SBH 
*10^3 
V mL 
Solxn 
C SBH 
Mol/L X 
0 -5 4.8 15.1 291.5 297.3 0.00 17.48 5.00 3.50 0.000 
1100 -5 6.2 15.7 291.9 295.9 0.26 17.41 5.00 3.48 0.004 
1150 0 9.2 15.7 291.9 295.9 0.57 17.33 4.99 3.47 0.008 
1200 2 16.3 15.7 291.9 295.9 0.66 17.31 4.99 3.47 0.009 
1250 8 22.9 15.8 291.9 295.9 0.93 17.25 4.99 3.46 0.013 
1300 15 29 15.7 291.7 295.9 1.24 17.17 4.98 3.45 0.018 
1350 22 35.2 15.8 291.7 295.9 1.55 17.09 4.98 3.43 0.022 
1400 30 43 15.8 291.7 295.9 1.90 17.00 4.97 3.42 0.027 
1450 35 48.6 15.8 291.7 295.9 2.13 16.95 4.97 3.41 0.030 
1500 41 54 15.8 291.7 295.9 2.39 16.88 4.97 3.40 0.034 
1550 47 60.5 15.8 291.7 295.9 2.65 16.81 4.96 3.39 0.038 
1600 53 66.9 15.8 291.8 295.8 2.92 16.75 4.96 3.38 0.042 
1650 60 72.6 15.8 291.8 295.9 3.23 16.67 4.96 3.36 0.046 
1700 65 78.9 15.8 291.8 295.9 3.45 16.62 4.95 3.35 0.049 
1750 71 84 15.8 291.8 295.9 3.71 16.55 4.95 3.34 0.053 
1800 77 89.9 15.8 291.8 295.9 3.98 16.48 4.95 3.33 0.057 
1850 83 95.4 15.8 291.8 295.9 4.25 16.42 4.94 3.32 0.061 
1900 88 100.9 15.8 291.8 295.9 4.47 16.36 4.94 3.31 0.064 
1950 94 106.3 15.8 291.8 295.9 4.73 16.29 4.94 3.30 0.068 
106 
 
2000 99 111.8 15.8 291.8 295.9 4.95 16.24 4.93 3.29 0.071 
2050 104 117.2 15.8 291.9 295.9 5.18 16.18 4.93 3.28 0.074 
2100 109 122.5 15.8 291.9 295.9 5.40 16.13 4.93 3.27 0.077 
2150 115 127.3 15.8 291.9 295.9 5.67 16.06 4.92 3.26 0.081 
2200 120 132.3 15.8 291.9 295.9 5.89 16.01 4.92 3.25 0.084 
2250 125 137 15.8 291.9 295.9 6.12 15.95 4.92 3.24 0.088 
2300 130 141.5 15.8 291.9 296.0 6.33 15.89 4.92 3.23 0.091 
2350 134 146.5 15.8 291.9 296.0 6.51 15.85 4.91 3.23 0.093 
2400 139 151 15.8 291.9 296.0 6.73 15.80 4.91 3.22 0.096 
2450 144 155.5 15.8 291.9 296.0 6.95 15.74 4.91 3.21 0.099 
2500 149 160.1 15.8 291.9 296.1 7.16 15.69 4.91 3.20 0.102 
2550 153 164.5 15.8 291.9 296.1 7.34 15.64 4.90 3.19 0.105 
2600 157 168.4 15.8 291.9 296.1 7.52 15.60 4.90 3.18 0.108 
Mass/g SBH 1 Mass/g SBH 2 Difference mL input 
0.6772 0.016 0.6612 5 
Table B-7 Mixture Second Room Temperature Reaction and Derivation Data 
Time 
mL 
H2o 
bur 
Weig
ht 
H2O 
Pa/
psi T_r T_b 
Mol H2 
*10^3 
Mol SBH 
*10^3 
V mL 
Solxn 
C SBH 
Mol/L X 
0 0 8.8 15.5 296.7 298.8 0.00 14.02 5.00 2.80 0.000 
30 1 14.5 15.7 296.8 298.6 0.48 13.89 4.99 2.78 0.009 
50 8 20 15.6 296.8 298.6 0.79 13.82 4.99 2.77 0.014 
70 14 26.2 15.7 296.8 298.5 1.05 13.75 4.99 2.76 0.019 
90 19 31.8 15.7 296.7 298.5 1.27 13.70 4.98 2.75 0.023 
110 25 38.4 15.7 296.8 298.5 1.53 13.63 4.98 2.74 0.027 
130 31 42.5 15.6 296.7 298.5 1.79 13.57 4.98 2.73 0.032 
150 36 48.3 15.7 296.7 298.5 2.01 13.51 4.97 2.72 0.036 
170 42 53.9 15.7 296.1 298.5 2.27 13.45 4.97 2.71 0.040 
190 47 58.3 15.7 298.1 298.5 2.49 13.39 4.97 2.70 0.044 
210 52 64.2 15.7 298.1 298.5 2.70 13.34 4.96 2.69 0.048 
230 58 68.6 15.6 298.1 298.5 2.96 13.28 4.96 2.68 0.053 
250 62 73.3 15.7 298.1 298.5 3.14 13.23 4.96 2.67 0.056 
270 67 78.4 15.7 298.0 298.5 3.36 13.18 4.96 2.66 0.060 
290 71 82.9 15.6 298.1 298.5 3.53 13.13 4.95 2.65 0.063 
310 76 87.8 15.7 298.0 298.4 3.75 13.08 4.95 2.64 0.067 
330 81 92.5 15.7 298.1 298.5 3.98 13.02 4.95 2.63 0.071 
350 86 96.8 15.7 298.1 298.4 4.19 12.97 4.94 2.62 0.075 
370 91 101.5 15.6 298.1 298.5 4.39 12.92 4.94 2.61 0.078 
390 95 105.9 15.7 298.1 298.5 4.58 12.87 4.94 2.61 0.082 
410 99 111 15.7 298.0 298.5 4.75 12.83 4.94 2.60 0.085 
430 103 114.9 15.7 298.0 298.5 4.92 12.78 4.93 2.59 0.088 
450 108 119.3 15.7 298.0 298.5 5.15 12.73 4.93 2.58 0.092 
470 111 123.5 15.7 298.1 298.5 5.27 12.70 4.93 2.58 0.094 
490 116 127.2 15.7 298.1 298.5 5.49 12.64 4.93 2.57 0.098 
510 120 131.3 15.6 298.0 298.5 5.66 12.60 4.93 2.56 0.101 
530 124 135.5 15.7 298.0 298.5 5.85 12.55 4.92 2.55 0.104 
550 128 139.3 15.7 298.0 298.5 6.03 12.51 4.92 2.54 0.108 
570 132 143.2 15.6 298.0 298.6 6.18 12.47 4.92 2.54 0.110 
590 136 147.3 15.7 298.0 298.6 6.36 12.42 4.92 2.53 0.113 
610 140 151 15.6 298.0 298.6 6.52 12.38 4.91 2.52 0.116 
630 144 154.5 15.7 298.0 298.6 6.71 12.34 4.91 2.51 0.120 
650 147 158.4 15.6 298.0 298.6 6.83 12.31 4.91 2.51 0.122 
670 151 161.9 15.6 298.0 298.6 7.00 12.26 4.91 2.50 0.125 
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690 155 165.8 15.6 298.0 298.6 7.18 12.22 4.91 2.49 0.128 
710 158 169.4 15.6 298.0 298.6 7.31 12.19 4.90 2.49 0.130 
730 162 172.7 15.7 298.0 298.6 7.48 12.14 4.90 2.48 0.134 
750 166 176 15.7 298.0 298.6 7.66 12.10 4.90 2.47 0.137 
770 169 179.5 15.6 298.0 298.5 7.78 12.07 4.90 2.46 0.139 
790 172 183 15.7 298.0 298.6 7.92 12.04 4.90 2.46 0.141 
810 175 186.4 15.6 298.0 298.6 8.04 12.01 4.89 2.45 0.143 
830 179 189.6 15.6 298.0 298.6 8.22 11.96 4.89 2.45 0.147 
850 182 192.7 15.6 298.0 298.6 8.35 11.93 4.89 2.44 0.149 
870 186 196.3 15.7 297.9 298.6 8.53 11.88 4.89 2.43 0.152 
890 189 199 15.7 298.0 298.6 8.66 11.85 4.89 2.43 0.154 
910 192 202.4 15.6 298.0 298.6 8.78 11.82 4.88 2.42 0.157 
930 194 205 15.7 298.0 298.6 8.87 11.80 4.88 2.42 0.158 
950 197 207.5 15.6 297.9 298.6 8.99 11.77 4.88 2.41 0.160 
970 200 210 15.7 297.9 298.6 9.14 11.73 4.88 2.40 0.163 
990 203 212.5 15.7 298.0 298.6 9.27 11.70 4.88 2.40 0.165 
1010 206 215.3 15.6 298.0 298.6 9.38 11.67 4.88 2.39 0.167 
1050 210 220 15.6 297.9 298.7 9.56 11.63 4.87 2.39 0.170 
1070 212 222.5 15.6 297.9 298.7 9.63 11.61 4.87 2.38 0.172 
1100 216 226 15.7 297.9 298.7 9.83 11.56 4.87 2.37 0.175 
1200 227 237 15.7 297.9 298.7 10.32 11.44 4.86 2.35 0.184 
1250 233 242.4 15.6 297.9 298.7 10.54 11.38 4.86 2.34 0.188 
1300 237 247.3 15.6 297.9 298.7 10.73 11.33 4.86 2.33 0.191 
1350 242 252 15.7 297.8 298.7 10.96 11.28 4.85 2.32 0.195 
Mass/g SBH 1 Mass/g SBH 2 Difference mL input 
0.5349 0.0047 0.5302 5 
Table B-8 Mixture 10 C Reaction Model Data 
t x V Ca rA  a1 a0 
0.0 0.0000 0.0050 4.874 -8.67E-05 Coefficients 1.73E-05 0.000204 
68 0.0012 0.0050 4.870 -8.66E-05 Std.dev.s 1.11E-08 1.78E-05 
90 0.0016 0.0050 4.868 -8.66E-05 R2, SE (y) 0.99996 8.8E-05 
112 0.0020 0.0050 4.867 -8.65E-05 
95% conf. 
int. 2.17E-08 3.49E-05 
156 0.0028 0.0050 4.864 -8.65E-05 Variance 7.74E-09  
178 0.0032 0.0050 4.862 -8.65E-05 SS 7.59E-07  
200 0.0036 0.0050 4.861 -8.64E-05    
232 0.0041 0.0050 4.859 -8.64E-05 
Model x = a1 * t + a0 
254 0.0045 0.0050 4.858 -8.64E-05    
279 0.0050 0.0050 4.856 -8.64E-05    
303 0.0054 0.0050 4.854 -8.63E-05    
342 0.0061 0.0050 4.852 -8.63E-05    
376 0.0067 0.0050 4.850 -8.62E-05    
398 0.0070 0.0050 4.848 -8.62E-05    
426 0.0075 0.0050 4.847 -8.62E-05    
448 0.0079 0.0050 4.845 -8.62E-05    
470 0.0083 0.0050 4.844 -8.61E-05    
498 0.0088 0.0050 4.842 -8.61E-05    
529 0.0094 0.0050 4.840 -8.61E-05    
551 0.0097 0.0050 4.839 -8.61E-05    
582 0.0103 0.0050 4.837 -8.60E-05    
607 0.0107 0.0050 4.835 -8.60E-05    
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651 0.0115 0.0050 4.832 -8.59E-05    
672 0.0119 0.0050 4.831 -8.59E-05    
692 0.0122 0.0050 4.830 -8.59E-05    
727 0.0128 0.0050 4.827 -8.58E-05    
749 0.0132 0.0050 4.826 -8.58E-05    
777 0.0137 0.0050 4.824 -8.58E-05    
799 0.0141 0.0050 4.823 -8.58E-05    
844 0.0149 0.0050 4.820 -8.57E-05    
862 0.0152 0.0050 4.819 -8.57E-05    
882 0.0156 0.0050 4.817 -8.57E-05    
908 0.0160 0.0050 4.816 -8.56E-05    
935 0.0165 0.0050 4.814 -8.56E-05    
967 0.0171 0.0050 4.812 -8.56E-05    
1005 0.0177 0.0050 4.810 -8.55E-05    
1025 0.0181 0.0050 4.808 -8.55E-05    
1046 0.0184 0.0050 4.807 -8.55E-05    
1082 0.0191 0.0050 4.805 -8.54E-05    
1103 0.0194 0.0050 4.803 -8.54E-05    
1132 0.0199 0.0050 4.802 -8.54E-05    
1155 0.0203 0.0050 4.800 -8.54E-05    
1199 0.0211 0.0050 4.797 -8.53E-05    
1218 0.0214 0.0050 4.796 -8.53E-05    
1238 0.0218 0.0050 4.795 -8.53E-05    
1273 0.0224 0.0050 4.793 -8.52E-05    
1313 0.0231 0.0050 4.790 -8.52E-05    
1324 0.0233 0.0050 4.789 -8.52E-05    
1362 0.0239 0.0050 4.787 -8.51E-05    
1383 0.0243 0.0050 4.786 -8.51E-05    
1404 0.0247 0.0050 4.784 -8.51E-05    
1439 0.0253 0.0050 4.782 -8.50E-05    
1461 0.0256 0.0050 4.781 -8.50E-05    
1490 0.0262 0.0050 4.779 -8.50E-05    
1513 0.0265 0.0050 4.777 -8.50E-05    
1558 0.0273 0.0050 4.775 -8.49E-05    
1577 0.0276 0.0050 4.773 -8.49E-05    
1597 0.0280 0.0050 4.772 -8.49E-05    
1623 0.0284 0.0050 4.770 -8.48E-05    
1651 0.0289 0.0050 4.769 -8.48E-05    
1684 0.0295 0.0050 4.767 -8.48E-05    
1722 0.0302 0.0050 4.764 -8.47E-05    
1743 0.0305 0.0050 4.763 -8.47E-05    
1764 0.0309 0.0050 4.761 -8.47E-05    
1800 0.0315 0.0050 4.759 -8.46E-05    
1822 0.0319 0.0050 4.758 -8.46E-05    
1852 0.0324 0.0050 4.756 -8.46E-05    
1874 0.0328 0.0050 4.755 -8.46E-05    
1898 0.0332 0.0050 4.753 -8.45E-05    
1927 0.0337 0.0050 4.751 -8.45E-05    
1960 0.0342 0.0050 4.749 -8.45E-05    
1980 0.0346 0.0050 4.748 -8.44E-05    
2014 0.0352 0.0050 4.746 -8.44E-05    
2036 0.0356 0.0050 4.744 -8.44E-05    
2063 0.0360 0.0050 4.743 -8.43E-05    
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2093 0.0365 0.0050 4.741 -8.43E-05    
2128 0.0371 0.0050 4.738 -8.43E-05    
2145 0.0374 0.0050 4.737 -8.43E-05    
2186 0.0381 0.0050 4.735 -8.42E-05    
2217 0.0387 0.0049 4.733 -8.42E-05    
2239 0.0390 0.0049 4.732 -8.41E-05    
2263 0.0395 0.0049 4.730 -8.41E-05    
2285 0.0398 0.0049 4.729 -8.41E-05    
2325 0.0405 0.0049 4.726 -8.40E-05    
2340 0.0408 0.0049 4.725 -8.40E-05    
2381 0.0415 0.0049 4.723 -8.40E-05    
2409 0.0419 0.0049 4.721 -8.40E-05    
2431 0.0423 0.0049 4.719 -8.39E-05    
2453 0.0427 0.0049 4.718 -8.39E-05    
2475 0.0431 0.0049 4.717 -8.39E-05    
2512 0.0437 0.0049 4.714 -8.38E-05    
2533 0.0440 0.0049 4.713 -8.38E-05    
2564 0.0446 0.0049 4.711 -8.38E-05    
2586 0.0449 0.0049 4.710 -8.38E-05    
2633 0.0457 0.0049 4.707 -8.37E-05    
2640 0.0459 0.0049 4.706 -8.37E-05    
2674 0.0464 0.0049 4.704 -8.37E-05    
2708 0.0470 0.0049 4.702 -8.36E-05    
2730 0.0474 0.0049 4.701 -8.36E-05    
2750 0.0477 0.0049 4.699 -8.36E-05    
Table B-9 Mixture 10 C Second Reaction Model Data 
t x V mL Ca rA  a1 a0 
0 0 5.00 5.176 -1.16E-04 Coefficients 2.2E-05 8.45E-05 
36 8.01E-04 5.00 5.173 -1.16E-04 Std.dev.s 8.98E-09 7.35E-06 
47 1.05E-03 5.00 5.172 -1.16E-04 R2, SE (y) 0.999984 3.63E-05 
58 1.30E-03 5.00 5.171 -1.16E-04 
95% conf. 
int. 1.76E-08 1.44E-05 
81 1.80E-03 5.00 5.169 -1.16E-04 Variance 1.32E-09  
92 2.05E-03 5.00 5.168 -1.16E-04 SS 1.29E-07  
103 2.30E-03 5.00 5.167 -1.16E-04    
114 2.55E-03 5.00 5.166 -1.16E-04 
Model x = a1 * t + a0 
137 3.05E-03 5.00 5.164 -1.16E-04    
143 3.20E-03 5.00 5.164 -1.16E-04    
162 3.61E-03 5.00 5.162 -1.15E-04    
172 3.85E-03 4.99 5.161 -1.15E-04    
184 4.10E-03 4.99 5.160 -1.15E-04    
205 4.58E-03 4.99 5.159 -1.15E-04    
215 4.79E-03 4.99 5.158 -1.15E-04    
235 5.24E-03 4.99 5.156 -1.15E-04    
238 5.31E-03 4.99 5.156 -1.15E-04    
262 5.84E-03 4.99 5.154 -1.15E-04    
272 6.06E-03 4.99 5.153 -1.15E-04    
285 6.35E-03 4.99 5.152 -1.15E-04    
295 6.59E-03 4.99 5.151 -1.15E-04    
308 6.86E-03 4.99 5.150 -1.15E-04    
327 7.28E-03 4.99 5.148 -1.15E-04    
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338 7.52E-03 4.99 5.148 -1.15E-04    
355 7.91E-03 4.99 5.146 -1.15E-04    
366 8.16E-03 4.99 5.145 -1.15E-04    
381 8.48E-03 4.99 5.144 -1.15E-04    
402 8.95E-03 4.99 5.142 -1.15E-04    
407 9.06E-03 4.99 5.142 -1.15E-04    
424 9.44E-03 4.99 5.140 -1.15E-04    
435 9.68E-03 4.99 5.139 -1.15E-04    
454 1.01E-02 4.99 5.138 -1.15E-04    
465 1.03E-02 4.99 5.137 -1.15E-04    
481 1.07E-02 4.99 5.136 -1.15E-04    
492 1.09E-02 4.98 5.135 -1.15E-04    
505 1.12E-02 4.98 5.134 -1.15E-04    
526 1.17E-02 4.98 5.132 -1.15E-04    
537 1.19E-02 4.98 5.131 -1.15E-04    
547 1.22E-02 4.98 5.130 -1.15E-04    
568 1.26E-02 4.98 5.128 -1.15E-04    
577 1.28E-02 4.98 5.128 -1.15E-04    
597 1.33E-02 4.98 5.126 -1.15E-04    
604 1.34E-02 4.98 5.125 -1.15E-04    
623 1.38E-02 4.98 5.124 -1.15E-04    
633 1.41E-02 4.98 5.123 -1.15E-04    
645 1.43E-02 4.98 5.122 -1.15E-04    
666 1.48E-02 4.98 5.120 -1.15E-04    
676 1.50E-02 4.98 5.119 -1.15E-04    
697 1.55E-02 4.98 5.118 -1.14E-04    
700 1.55E-02 4.98 5.117 -1.14E-04    
724 1.61E-02 4.98 5.115 -1.14E-04    
730 1.62E-02 4.98 5.115 -1.14E-04    
748 1.66E-02 4.98 5.113 -1.14E-04    
759 1.68E-02 4.98 5.112 -1.14E-04    
780 1.73E-02 4.98 5.111 -1.14E-04    
791 1.75E-02 4.98 5.110 -1.14E-04    
800 1.77E-02 4.98 5.109 -1.14E-04    
820 1.82E-02 4.98 5.107 -1.14E-04    
827 1.83E-02 4.97 5.107 -1.14E-04    
846 1.87E-02 4.97 5.105 -1.14E-04    
856 1.90E-02 4.97 5.104 -1.14E-04    
868 1.92E-02 4.97 5.103 -1.14E-04    
889 1.97E-02 4.97 5.101 -1.14E-04    
899 1.99E-02 4.97 5.101 -1.14E-04    
920 2.04E-02 4.97 5.099 -1.14E-04    
928 2.05E-02 4.97 5.098 -1.14E-04    
948 2.10E-02 4.97 5.097 -1.14E-04    
954 2.11E-02 4.97 5.096 -1.14E-04    
972 2.15E-02 4.97 5.095 -1.14E-04    
983 2.17E-02 4.97 5.094 -1.14E-04    
1004 2.22E-02 4.97 5.092 -1.14E-04    
1015 2.24E-02 4.97 5.091 -1.14E-04    
1024 2.26E-02 4.97 5.090 -1.14E-04    
1044 2.31E-02 4.97 5.089 -1.14E-04    
1051 2.32E-02 4.97 5.088 -1.14E-04    
1070 2.36E-02 4.97 5.086 -1.14E-04    
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1080 2.39E-02 4.97 5.086 -1.14E-04    
1093 2.41E-02 4.97 5.085 -1.14E-04    
1114 2.46E-02 4.97 5.083 -1.14E-04    
1124 2.48E-02 4.97 5.082 -1.14E-04    
1145 2.53E-02 4.97 5.080 -1.14E-04    
1148 2.54E-02 4.97 5.080 -1.14E-04    
1173 2.59E-02 4.96 5.078 -1.14E-04    
1179 2.60E-02 4.96 5.077 -1.14E-04    
1197 2.64E-02 4.96 5.076 -1.14E-04    
1208 2.67E-02 4.96 5.075 -1.14E-04    
1219 2.69E-02 4.96 5.074 -1.14E-04    
1240 2.74E-02 4.96 5.072 -1.13E-04    
1249 2.76E-02 4.96 5.072 -1.13E-04    
1270 2.80E-02 4.96 5.070 -1.13E-04    
1277 2.82E-02 4.96 5.069 -1.13E-04    
1296 2.86E-02 4.96 5.068 -1.13E-04    
1306 2.88E-02 4.96 5.067 -1.13E-04    
1319 2.91E-02 4.96 5.066 -1.13E-04    
1340 2.95E-02 4.96 5.064 -1.13E-04    
1345 2.96E-02 4.96 5.064 -1.13E-04    
1360 3.00E-02 4.96 5.062 -1.13E-04    
1372 3.02E-02 4.96 5.061 -1.13E-04    
1388 3.06E-02 4.96 5.060 -1.13E-04    
1400 3.08E-02 4.96 5.059 -1.13E-04    
Table B-10 Mixture Room Temperature Reaction Model Data 
t x V Ca rA  a1 a0 
0 0.00E+00 5.00E-03 3.496 -1.93E-04 Coefficients 5.12E-05 0.001687 
65 3.55E-03 5.00E-03 3.486 -1.92E-04 Std.dev.s 9.59E-08 0.000146 
85 4.69E-03 5.00E-03 3.482 -1.92E-04 R2, SE (y) 0.999657 0.000721 
106 5.83E-03 4.99E-03 3.479 -1.92E-04 
95% conf. 
int. 1.88E-07 0.000286 
148 8.11E-03 4.99E-03 3.473 -1.91E-04 Variance 5.2E-07  
169 9.25E-03 4.99E-03 3.469 -1.91E-04 SS 5.09E-05  
189 1.04E-02 4.99E-03 3.466 -1.91E-04    
210 1.15E-02 4.99E-03 3.463 -1.91E-04 
Model x = a1 * t + a0 
238 1.30E-02 4.99E-03 3.458 -1.91E-04    
260 1.42E-02 4.99E-03 3.455 -1.90E-04    
302 1.65E-02 4.98E-03 3.449 -1.90E-04    
319 1.74E-02 4.98E-03 3.446 -1.90E-04    
338 1.85E-02 4.98E-03 3.443 -1.90E-04    
372 2.03E-02 4.98E-03 3.438 -1.89E-04    
410 2.23E-02 4.98E-03 3.432 -1.89E-04    
420 2.29E-02 4.98E-03 3.430 -1.89E-04    
455 2.48E-02 4.98E-03 3.425 -1.89E-04    
475 2.58E-02 4.98E-03 3.422 -1.88E-04    
495 2.69E-02 4.98E-03 3.419 -1.88E-04    
529 2.87E-02 4.97E-03 3.413 -1.88E-04    
549 2.98E-02 4.97E-03 3.410 -1.88E-04    
578 3.13E-02 4.97E-03 3.406 -1.88E-04    
598 3.24E-02 4.97E-03 3.403 -1.87E-04    
641 3.47E-02 4.97E-03 3.396 -1.87E-04    
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659 3.57E-02 4.97E-03 3.393 -1.87E-04    
679 3.67E-02 4.97E-03 3.391 -1.87E-04    
703 3.80E-02 4.96E-03 3.387 -1.87E-04    
730 3.94E-02 4.96E-03 3.383 -1.86E-04    
761 4.10E-02 4.96E-03 3.378 -1.86E-04    
796 4.29E-02 4.96E-03 3.372 -1.86E-04    
817 4.40E-02 4.96E-03 3.369 -1.86E-04    
837 4.50E-02 4.96E-03 3.366 -1.85E-04    
871 4.68E-02 4.96E-03 3.361 -1.85E-04    
891 4.79E-02 4.96E-03 3.358 -1.85E-04    
920 4.94E-02 4.95E-03 3.354 -1.85E-04    
941 5.05E-02 4.95E-03 3.351 -1.85E-04    
964 5.17E-02 4.95E-03 3.347 -1.84E-04    
991 5.31E-02 4.95E-03 3.343 -1.84E-04    
1022 5.47E-02 4.95E-03 3.338 -1.84E-04    
1042 5.58E-02 4.95E-03 3.335 -1.84E-04    
1073 5.74E-02 4.95E-03 3.331 -1.83E-04    
1094 5.85E-02 4.95E-03 3.327 -1.83E-04    
1120 5.98E-02 4.94E-03 3.323 -1.83E-04    
1149 6.13E-02 4.94E-03 3.319 -1.83E-04    
1182 6.30E-02 4.94E-03 3.314 -1.83E-04    
1198 6.38E-02 4.94E-03 3.312 -1.82E-04    
1237 6.58E-02 4.94E-03 3.306 -1.82E-04    
1249 6.65E-02 4.94E-03 3.304 -1.82E-04    
1286 6.84E-02 4.94E-03 3.298 -1.82E-04    
1310 6.96E-02 4.94E-03 3.295 -1.82E-04    
1330 7.06E-02 4.93E-03 3.292 -1.81E-04    
1368 7.26E-02 4.93E-03 3.286 -1.81E-04    
1388 7.36E-02 4.93E-03 3.283 -1.81E-04    
1420 7.52E-02 4.93E-03 3.278 -1.81E-04    
1441 7.63E-02 4.93E-03 3.275 -1.80E-04    
1467 7.76E-02 4.93E-03 3.271 -1.80E-04    
1488 7.87E-02 4.93E-03 3.268 -1.80E-04    
1509 7.98E-02 4.93E-03 3.265 -1.80E-04    
1535 8.11E-02 4.92E-03 3.261 -1.80E-04    
1565 8.26E-02 4.92E-03 3.257 -1.79E-04    
1586 8.36E-02 4.92E-03 3.254 -1.79E-04    
1614 8.51E-02 4.92E-03 3.250 -1.79E-04    
1638 8.63E-02 4.92E-03 3.246 -1.79E-04    
1680 8.83E-02 4.92E-03 3.240 -1.78E-04    
1699 8.93E-02 4.92E-03 3.237 -1.78E-04    
1718 9.03E-02 4.92E-03 3.234 -1.78E-04    
1743 9.15E-02 4.92E-03 3.231 -1.78E-04    
1770 9.29E-02 4.91E-03 3.227 -1.78E-04    
1794 9.41E-02 4.91E-03 3.223 -1.78E-04    
1838 9.63E-02 4.91E-03 3.217 -1.77E-04    
1847 9.67E-02 4.91E-03 3.215 -1.77E-04    
1880 9.84E-02 4.91E-03 3.210 -1.77E-04    
1916 1.00E-01 4.91E-03 3.205 -1.77E-04    
1936 1.01E-01 4.91E-03 3.202 -1.76E-04    
1966 1.03E-01 4.90E-03 3.198 -1.76E-04    
1987 1.04E-01 4.90E-03 3.195 -1.76E-04    
2011 1.05E-01 4.90E-03 3.191 -1.76E-04    
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2032 1.06E-01 4.90E-03 3.188 -1.76E-04    
2071 1.08E-01 4.90E-03 3.183 -1.75E-04    
2086 1.09E-01 4.90E-03 3.180 -1.75E-04    
2124 1.10E-01 4.90E-03 3.175 -1.75E-04    
2136 1.11E-01 4.90E-03 3.173 -1.75E-04    
2172 1.13E-01 4.90E-03 3.168 -1.75E-04    
2194 1.14E-01 4.89E-03 3.165 -1.74E-04    
2215 1.15E-01 4.89E-03 3.162 -1.74E-04    
2251 1.17E-01 4.89E-03 3.156 -1.74E-04    
2271 1.18E-01 4.89E-03 3.154 -1.74E-04    
2301 1.19E-01 4.89E-03 3.149 -1.73E-04    
2322 1.20E-01 4.89E-03 3.146 -1.73E-04    
2347 1.21E-01 4.89E-03 3.143 -1.73E-04    
2368 1.22E-01 4.89E-03 3.140 -1.73E-04    
2407 1.24E-01 4.88E-03 3.134 -1.73E-04    
2422 1.25E-01 4.88E-03 3.132 -1.73E-04    
2461 1.27E-01 4.88E-03 3.126 -1.72E-04    
2473 1.27E-01 4.88E-03 3.124 -1.72E-04    
2510 1.29E-01 4.88E-03 3.119 -1.72E-04    
2532 1.30E-01 4.88E-03 3.116 -1.72E-04    
2552 1.31E-01 4.88E-03 3.113 -1.71E-04    
2589 1.33E-01 4.88E-03 3.108 -1.71E-04    
2600 1.33E-01 4.88E-03 3.106 -1.71E-04    
Table B-11 Mixture Room Temperature Second Reaction Model Data 
t x V Ca rA  a1 a0 
0 0.00E+00 5.00E-03 2.803 -5.12E-04 Coefficients 0.000162 0.004809 
35 6.31E-03 5.00E-03 2.788 -5.10E-04 Std.dev.s 5.19E-07 0.000409 
45 8.27E-03 4.99E-03 2.783 -5.09E-04 R2, SE (y) 0.998991 0.00202 
56 1.02E-02 4.99E-03 2.779 -5.08E-04 
95% conf. 
int. 1.02E-06 0.000801 
78 1.41E-02 4.99E-03 2.769 -5.06E-04 Variance 4.08E-06  
89 1.61E-02 4.99E-03 2.765 -5.05E-04 SS 0.0004  
99 1.80E-02 4.99E-03 2.760 -5.05E-04    
110 1.99E-02 4.99E-03 2.755 -5.04E-04 
Model x = a1 * t + a0 
132 2.38E-02 4.98E-03 2.746 -5.02E-04    
135 2.44E-02 4.98E-03 2.745 -5.02E-04    
159 2.86E-02 4.98E-03 2.735 -5.00E-04    
165 2.97E-02 4.98E-03 2.732 -4.99E-04    
183 3.29E-02 4.98E-03 2.724 -4.98E-04    
193 3.47E-02 4.97E-03 2.720 -4.97E-04    
204 3.66E-02 4.97E-03 2.715 -4.96E-04    
224 4.02E-02 4.97E-03 2.707 -4.95E-04    
233 4.17E-02 4.97E-03 2.703 -4.94E-04    
253 4.52E-02 4.97E-03 2.695 -4.93E-04    
260 4.64E-02 4.97E-03 2.692 -4.92E-04    
278 4.96E-02 4.96E-03 2.684 -4.91E-04    
288 5.13E-02 4.96E-03 2.680 -4.90E-04    
300 5.34E-02 4.96E-03 2.675 -4.89E-04    
311 5.52E-02 4.96E-03 2.670 -4.88E-04    
325 5.77E-02 4.96E-03 2.664 -4.87E-04    
340 6.03E-02 4.96E-03 2.658 -4.86E-04    
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351 6.22E-02 4.95E-03 2.653 -4.85E-04    
367 6.49E-02 4.95E-03 2.647 -4.84E-04    
378 6.68E-02 4.95E-03 2.642 -4.83E-04    
392 6.91E-02 4.95E-03 2.636 -4.82E-04    
412 7.26E-02 4.95E-03 2.628 -4.80E-04    
424 7.45E-02 4.94E-03 2.623 -4.80E-04    
433 7.61E-02 4.94E-03 2.619 -4.79E-04    
446 7.82E-02 4.94E-03 2.614 -4.78E-04    
462 8.10E-02 4.94E-03 2.608 -4.77E-04    
473 8.28E-02 4.94E-03 2.603 -4.76E-04    
488 8.53E-02 4.94E-03 2.597 -4.75E-04    
508 8.87E-02 4.93E-03 2.589 -4.73E-04    
514 8.96E-02 4.93E-03 2.586 -4.73E-04    
531 9.24E-02 4.93E-03 2.579 -4.72E-04    
541 9.42E-02 4.93E-03 2.575 -4.71E-04    
561 9.74E-02 4.93E-03 2.567 -4.69E-04    
571 9.92E-02 4.93E-03 2.563 -4.68E-04    
588 1.02E-01 4.92E-03 2.556 -4.67E-04    
599 1.04E-01 4.92E-03 2.552 -4.66E-04    
613 1.06E-01 4.92E-03 2.546 -4.65E-04    
623 1.08E-01 4.92E-03 2.542 -4.65E-04    
635 1.10E-01 4.92E-03 2.537 -4.64E-04    
654 1.13E-01 4.92E-03 2.530 -4.62E-04    
665 1.14E-01 4.91E-03 2.525 -4.62E-04    
683 1.17E-01 4.91E-03 2.518 -4.60E-04    
694 1.19E-01 4.91E-03 2.514 -4.60E-04    
709 1.22E-01 4.91E-03 2.508 -4.58E-04    
720 1.23E-01 4.91E-03 2.503 -4.58E-04    
730 1.25E-01 4.91E-03 2.500 -4.57E-04    
752 1.28E-01 4.90E-03 2.491 -4.55E-04    
763 1.30E-01 4.90E-03 2.487 -4.55E-04    
773 1.32E-01 4.90E-03 2.482 -4.54E-04    
793 1.35E-01 4.90E-03 2.475 -4.52E-04    
797 1.36E-01 4.90E-03 2.473 -4.52E-04    
810 1.38E-01 4.90E-03 2.468 -4.51E-04    
824 1.40E-01 4.90E-03 2.463 -4.50E-04    
845 1.43E-01 4.89E-03 2.454 -4.49E-04    
855 1.45E-01 4.89E-03 2.450 -4.48E-04    
867 1.47E-01 4.89E-03 2.446 -4.47E-04    
887 1.50E-01 4.89E-03 2.438 -4.46E-04    
891 1.50E-01 4.89E-03 2.436 -4.45E-04    
906 1.53E-01 4.89E-03 2.431 -4.44E-04    
918 1.54E-01 4.89E-03 2.426 -4.43E-04    
932 1.57E-01 4.88E-03 2.420 -4.42E-04    
952 1.60E-01 4.88E-03 2.413 -4.41E-04    
965 1.62E-01 4.88E-03 2.408 -4.40E-04    
976 1.63E-01 4.88E-03 2.404 -4.39E-04    
986 1.65E-01 4.88E-03 2.400 -4.39E-04    
1006 1.68E-01 4.87E-03 2.392 -4.37E-04    
1017 1.70E-01 4.87E-03 2.388 -4.37E-04    
1034 1.72E-01 4.87E-03 2.382 -4.35E-04    
1044 1.74E-01 4.87E-03 2.377 -4.35E-04    
1059 1.76E-01 4.87E-03 2.372 -4.34E-04    
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1069 1.78E-01 4.87E-03 2.368 -4.33E-04    
1080 1.79E-01 4.87E-03 2.364 -4.32E-04    
1101 1.82E-01 4.86E-03 2.356 -4.31E-04    
1111 1.84E-01 4.86E-03 2.352 -4.30E-04    
1121 1.85E-01 4.86E-03 2.349 -4.29E-04    
1141 1.88E-01 4.86E-03 2.341 -4.28E-04    
1149 1.89E-01 4.86E-03 2.338 -4.27E-04    
1167 1.92E-01 4.86E-03 2.331 -4.26E-04    
1177 1.94E-01 4.86E-03 2.328 -4.25E-04    
1190 1.95E-01 4.85E-03 2.323 -4.25E-04    
1210 1.98E-01 4.85E-03 2.315 -4.23E-04    
1215 1.99E-01 4.85E-03 2.313 -4.23E-04    
1231 2.01E-01 4.85E-03 2.308 -4.22E-04    
1242 2.03E-01 4.85E-03 2.303 -4.21E-04    
1259 2.06E-01 4.85E-03 2.297 -4.20E-04    
1269 2.07E-01 4.85E-03 2.293 -4.19E-04    
1284 2.09E-01 4.84E-03 2.288 -4.18E-04    
1304 2.12E-01 4.84E-03 2.281 -4.17E-04    
1310 2.13E-01 4.84E-03 2.279 -4.17E-04    
1326 2.15E-01 4.84E-03 2.272 -4.15E-04    
1337 2.17E-01 4.84E-03 2.269 -4.15E-04    
1350 2.19E-01 4.84E-03 2.264 -4.14E-04    
 
Table B-12 Average Efficiency Data and Modeling Results 
Avg I Avg V Avg P Avg Eff Model SS   
0 0 0 0 0 0 a b 
0.50092 2.163895 1.083938 0.264454 0.299792 0.001249 1.376055 0.981597 
0.508782 2.330195 1.185561 0.289244 0.302539 0.000177   
0.99892 2.068625 2.066391 0.424233 0.42396 7.45E-08 SS 0.040286 
1.007732 2.1846 2.201491 0.452059 0.42551 0.000705   
1.49969 2.100118 3.149526 0.492165 0.492468 9.19E-08 y=x/(a*x^2+b) 
1.50796 2.128794 3.210136 0.510159 0.49334 0.000283 
2.000987 2.075659 4.153367 0.528706 0.53573 4.93E-05   
2.007544 2.096261 4.208336 0.563155 0.53619 0.000727   
2.497668 1.958256 4.891073 0.622939 0.565272 0.003325   
2.69733 1.831209 4.939375 0.54883 0.574723 0.00067   
2.7969 1.742249 4.872896 0.541464 0.579034 0.001412   
3.000885 1.946362 5.840809 0.584079 0.587145 9.4E-06   
3.008017 1.935809 5.822946 0.582295 0.587412 2.62E-05   
3.493498 1.792552 6.262277 0.532497 0.603488 0.00504   
3.500976 1.84081 6.444632 0.548018 0.603707 0.003101   
5.002087 1.868611 9.346955 0.710309 0.636014 0.00552   
5.008544 1.87808 9.406446 0.717346 0.636116 0.006598   
5.018004 1.884257 9.455209 0.719332 0.636266 0.0069   
8.003156 1.609173 12.87846 0.662814 0.667242 1.96E-05   
8.008919 1.602072 12.83086 0.660363 0.667282 4.79E-05   
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8.015895 1.584295 12.69954 0.653865 0.667329 0.000181   
10.01182 1.46352 14.6525 0.629944 0.678381 0.002346   
10.01812 1.473938 14.76609 0.634828 0.678409 0.001899   
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Appendix C: Programs, Functions, and Associated Items  
 
 
Figure C- 1 VBA User Defined Functions for Reaction Rate Mole Calculations 
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Figure C-2 VBA User Defined Functions for Flow Setting Derivations 
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Figure C-3 VBA Excel User Interface for Flow and Expected Energy Calculations 
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Figure C-4 VBA User Defined Functions for Theoretical Efficiency Model Calculations 
